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1. Introduction

Abdulkadiroglu and Sénmez (1999) introduce house allocation problems with existing tenants: A set of houses should be
allocated to a set of agents by a centralized clearinghouse. Some of the agents are existing tenants each of whom already
occupies a house and the rest of the agents are newcomers. In addition to occupied houses, there are vacant houses. Existing
tenants are not only entitled to keep their current houses but also apply for other houses.

This model is motivated by the real-life practices of on-campus housing at universities: The freshmen are the “newcom-
ers”, while the sophomores, juniors, and seniors are the “existing tenants”. The rooms vacated by the graduating class are
the “vacant” rooms, and the rooms already occupied in the previous year by the existing tenants are the “occupied” rooms.

An allocation is a matching of agents and houses so that each agent is assigned at most one house and no house is
assigned to more than one agent. A mechanism is a systematic procedure that selects a matching for each problem.

Abdulkadiroglu and Sonmez (1999) introduce the following mechanism which is referred to as the You Request My House-
I Get Your Turn (YRMH-IGYT): Agents are prioritized in a queue and they are assigned their top choice house among still
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unassigned houses in priority order. This continues until an agent “requests” the occupied house of an existing tenant
who has not been assigned a house yet. In this case this request is put on hold; the existing tenant whose occupied
house is requested is moved to the top of the queue, directly in front of the requester and the process continues with
the modified queue. This is repeated any time there is a request for the occupied house of an existing tenant whose
assignment is yet to be finalized. If a cycle of requests is formed, each existing tenant in the cycle is assigned the house she
requested and removed from the system together with their assignments. Each priority order induces a different YRMH-IGYT
mechanism.

Abdulkadiroglu and Sénmez (1999) show that the YRMH-IGYT mechanisms are Pareto-efficient, individually rational (in
the sense that each existing tenant is guaranteed a house that is no worse than her occupied house and each newcomer is
guaranteed a house that is no worse than remaining unmatched option), and strategy-proof. In this paper, we present a full
characterization of the YRMH-IGYT mechanisms based on these three axioms together with weak neutrality and consistency.
Weak neutrality requires the outcome of a mechanism to be independent of the names or labels of the vacant houses. The
formulation of consistency is less obvious in the present context. The traditional consistency axiom compares any pair of
economies where one economy is obtained from the other by removal of a group of agents together with their assignments
under the mechanism for which consistency is tested, and it requires this mechanism to insist on the same assignment as
in the original economy for each remaining agent.! If a mechanism is consistent, then it eliminates incentives to renegotiate
upon departure of any group of agents with their assignments. The difficulty, however, is that upon the removal of a group
of agents with their assignments, what remains may not always be a well-defined economy. For example, if two existing
tenants are assigned each others’ occupied houses and if one of them leaves with her assignment, in what remains an
existing tenant does not have her occupied house. A natural formulation here would be requiring consistency whenever the
reduced economy is well-defined, but as it turns out this version is not strong enough for the full characterization of the
YRMH-IGYT mechanisms.2 For full characterization we also need a mechanism to insist on its outcome if a set of unassigned
houses are removed (provided that what remains is a well-defined economy). The consistency axiom we present in the paper
is the following: When a group of agents are removed from a problem together with their assignments under a mechanism
¢ and possibly together with some unassigned houses under ¢, what remains may not be a well-defined problem. But if it
is, then the assignments of the remaining agents under mechanism ¢ should not be affected by this departure. So if some
of the exchanges are finalized while the others are pending, and even if some unassigned vacant houses become suddenly
unavailable, the remaining agents should still have no reason to request another run of the mechanism.

House allocation with existing tenants model has another real-life application referred to as kidney exchange, which is
recently brought to the attention of economists by Roth et al. (2004), Sénmez and Unver (2006). In this problem, there
are patients (similar to the “existing tenants”) who would like to receive a compatible kidney, and their paired-donors
(similar to the “occupied houses”) whom they can trade in exchange of a better kidney donor. There are also options similar
to the “vacant houses,” such as altruistic donors who are not attached to any patient (see Sénmez and Unver, 2006), or
priority in the deceased donor waiting list (see Roth et al., 2004). On the other hand, there are no patients without attached
paired-donors (similar to the “newcomers”) in the way these papers formulate the problem.

Housing markets (Shapley and Scarf, 1974) and house allocation problems (Hylland and Zeckhauser, 1979) are two special
cases of our model. Housing markets do not involve any vacant houses and newcomers. House allocation problems do
not involve any existing tenants and occupied houses. YRMH-IGYT mechanism is a generalization of both core mechanism
for housing markets and the simple serial dictatorship for house allocation. When preferences are strict, there is a unique
core outcome of a housing market (Roth and Postlewaite, 1977) which can be determined through Gale’s top trading cycles
algorithm (attributed to David Gale by Shapley and Scarf, 1974). Moreover, in this case it is also strategy-proof (Roth, 1982).
Indeed it is the only mechanism that is Pareto-efficient, individually rational, and strategy-proof (Ma, 1994). In the context
of housing markets, Svensson (1999) shows that the simple serial dictatorship is the only mechanism that is strategy-proof,
nonbossy, and neutral while Ergin (2000) shows it is the only mechanism that is Pareto-efficient, consistent, and neutral. Our
characterization is a natural generalization of each of Ma (1994), Svensson (1999), and Ergin (2000) results.>

In two related papers, Papai (2000) characterizes group strategy-proof, Pareto-efficient, and reallocation-proof mechanisms,
and Pycia and Unver (2007) characterize group strategy-proof and Pareto-efficient mechanisms in house allocation economies.
Although these economies do not have any individual endowments (unlike in a house allocation problem with existing
tenants), the characterized mechanisms by these papers, called Hierarchical Exchange mechanisms and Trading Cycles with
Brokers and Owners, respectively, mimic trading procedures with individual endowments, which are induced according to an
inheritance structure. Though YRMH-IGYT mechanisms are in the class of hierarchical exchange mechanisms and also in the
class of trading cycles with brokers and owners mechanisms, in general, these two latter classes fail to satisfy individual
rationality, weak neutrality, and consistency.

1" See Thomson (1996) for a comprehensive survey.

2 The mechanism in Example 7 satisfies all four other axioms and this version of consistency but not the stronger version we present in the paper.

3 Other axiomatic studies in housing markets and house allocation include Chambers (2004), Ehlers (2002), Ehlers and Klaus (2007), Ehlers et al. (2002),
Kesten (2009), Miyagawa (2002), Papai (2007), Velez-Cordona (2006).
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2. House allocation problem with existing tenants

Let 7 be a finite set of agents and H be a finite set of houses. We refer to Z as the potential set of agents and H
as the potential set of houses. Set 7 is partitioned as {Zg,Zxr}. Set Z¢ is referred to as the potential existing tenant
set and Zs is referred to as the potential newcomer set. Each agent i € Z¢ has a paired house h; € H. We refer to h;
as the occupied house of potential existing tenant i. No two potential existing tenants have the same occupied house,
that is hj =hj = i=j for any i, j € Zg. We assume that |[H| > |Z¢|, that is, there exists at least one house that is
not occupied by a potential existing tenant. Each i € Z¢ has strict preferences P; on all houses in H and the remaining
unmatched option denoted by hg such that h;P;hg, that is, each potential existing tenant prefers her occupied house over
the remaining unmatched option hg. Each potential newcomer i € Zar has strict preferences over H and the remaining
unmatched option hg. For each agent, let R; denote the weak preference relation induced by P;. For any agent i € Z and
any subset of houses H C H, let R(i, H) denote the set of all strict preferences over H U {hp} such that if i € Z¢ and
hi € H then h;Pihg. Let R(I, H) denote the set of all feasible strict preference profiles over H U {ho} for agents in I, that is
R, H) = [j¢; R(, H).

A house allocation problem with existing tenants, or simply a problem, is a list (I, H, R) where:

e [ C 7T is a set of agents,
e H CH is a set of houses such that for all i e Z¢ NI, h; € H, and
e R=(Ry)ic; € R(I, H) is a preference profile.

Given a problem (I, H, R), we partition I as {Ig, Ix} and H as {Ho, Hy}. Set Ig =Z¢ N1 is the set of existing tenants.
Set Ho = {hi}ic1; is the set of houses occupied by the existing tenants, and we refer to it as the set of occupied houses. Set
In=1\Ig =Zxn NI is the set of newcomers. Set Hy = H \ Hp is the set of vacant houses. Note that the occupied house
h;j of a potential existing tenant j € Zg is formally a vacant house in a problem (I, H,R) if j¢ 1 and hj € H?

Since the information on existing tenants, newcomers, occupied houses, and vacant houses is embedded in a preference
profile, whenever convenient, we will denote a problem with simply a preference profile.

Given I €7 and H C 'H, a matching is a mapping w : [ — H U {ho} such that

w() # u(j) or p(@)=mwp(j)=he foranydistincti,jel.

We refer to w(i) as the assignment of agent i. A matching is simply an assignment of houses to agents such that each
agent is assigned a distinct house from the rest of the agents or unmatched. Let M (I, H) denote the set of matchings for
given I, H.

A mechanism is a systematic procedure that assigns a matching for each problem R. The outcome of mechanism ¢ for
problem R is denoted by ¢[R] and the assignment of agent i under ¢ for problem R is denoted by ¢[R](i). For any ] €I,
let ¢[R1(J) = {¢[R1(j)}je; be the set of houses assigned to agents in J.

3. The axioms
3.1. Individual rationality, Pareto efficiency, and strategy-proofness

Throughout this section, we fix the set of agents I €7 and the set of houses H C ‘H as defined above.

A matching is individually rational if no existing tenant is assigned a house worse than her occupied house and no
newcomer is assigned a house worse than remaining unmatched. Formally, a matching p € M is individually rational, if
M (i)Rih; for any i € Ig and w(i)Riho for any i € Iy. A mechanism is individually rational if it always selects an individually
rational matching.

A matching is Pareto-efficient if there is no other matching that makes every agent weakly better off and some agent
strictly better off. Formally, a matching p € M is Pareto-efficient if there is no matching v € M such that v(i)R;u(i) for all
iel and v(j)Pju(j) for some j e I. A mechanism is Pareto-efficient if it always selects a Pareto-efficient matching.

A mechanism is strategy-proof if no agent can ever benefit by misrepresenting her preferences. Formally a mechanism
¢ is strategy-proof if for any problem R € R(I, H), any agent i € I, and any potential misrepresentation R} € R(i, H), we
have @[Ri, R_il()Ri¢[R], R—i](0).

3.2. Weak neutrality and consistency

Each of the three axioms we introduced so far is defined for fixed sets of agents and houses. In contrast, our next axiom
weak neutrality relates problems with possibly different sets of houses and final axiom consistency relates problems with
different sets of agents and houses.

4 This observation will be useful when we formalize the consistency axiom later on. We will be considering such situations as existing tenant j being
assigned a vacant house and leaving the problem. The occupied house h; of existing tenant j is no longer attached to any agent in the reduced problem,
and hence treated as a vacant house.
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A mechanism is weakly neutral if labeling of vacant houses has no effect on the outcome of the mechanism. We need
additional notation to define weak neutrality formally. For any Iz C Z¢, a permutation of vacant houses for [ is a one-to-
one and onto function 7 : HU {ho} — H U {ho} such that 7 (h;) = h; for any i € Ig and 7 (hg) = hg. For any h € H U {hp}, we
refer to 7t (h) as the label of h under r. Observe that only vacant houses are relabeled under 7. For any problem (I, H, R),
any permutation 7 of vacant houses for Ig, and any i € I, let RT € R(i, {m (h)}pen) be such that

gRTh — n NgRixr'(h) foranyg,he{n(e)}eeHU{ho}.

Let R™ = (RY)ie;. Formally, a mechanism ¢ is weakly neutral if for any problem (I, H, R) and any permutation 7 of vacant
houses for Ig, we have

$[R7]()) = (#[R1()) foranyiel.
We need additional notation to introduce our final axiom.

For any agent i € I, preference relation R; € R(i, H), and set of houses G C H, let Ric € R(i, G) be the restriction of
preference R; to houses in G. That is,

gRl-Gh <= gR;h forany g,h e GU {hp}.

For any J C I, let R; = (R)ic; be the restriction of profile R to agents in . Given fixed I €7 and H CH and R € R(I, H),
we will often denote Rj\; by R_;. For any J CI and G C H, let R? = (Ric)iej be the restriction of profile R to agents in |

and houses in G. Given fixed H C 'H, R; € R(i, H), we will often denote RM\C by Ri_G.

1

Given a problem (I, H, R), sets of agents | C I, and sets of houses G C H we refer to (J, G, R?) as the restriction of
problem (I, H, R) to agents in J and houses in G. The triple (], G, R?) itself is a well-defined reduced problem if Gy =
{hj}jeje. that is, the occupied houses of existing tenants in J is the set of occupied houses in G.

Given a problem (I, H, R), the removal of a set of agents | C I together with their assignments ¢[R](J) and some
unassigned houses G C H under ¢ results in a well-defined reduced problem (I \ J,H \ (¢[R](J) U G), R:ﬁ[m(“uc) if
(#[R1(J) U G) N{hiticrpyy = 9.

A mechanism ¢ is consistent if for any problem (I, H, R), whenever the removal of a set of agents J C I together with
their assignments ¢[R](J) and some unassigned houses G C H results in a well-defined reduced problem, then

$[RZIMDC] (i) = p[R1G) foranyiel\ J.

So under a consistent mechanism, the removal of

e a set of agents,
e their assignments, and
e a set of unassigned houses

does not affect the assignments of remaining agents provided that the removal results in a well-defined reduced prob-
lem.”

4. You Request My House-I Get Your Turn mechanism

You Request My House-I Get Your Turn mechanism (or YRMH-IGYT mechanism in short) is introduced by Abdulkadiroglu
and Sénmez (1999) and further studied by Chen and Sénmez (2002) and Sénmez and Unver (2006).6 In order to define this
mechanism we need the following additional notation:

A (priority) ordering is a one-to-one and onto function f:{1,2,...,|Z|} — Z. Here f(1) indicates the agent with the
highest priority in Z, f(2) indicates the agent with the second highest priority in Z, and so on. Let F be the set of all
orderings. Given a set of agents | C Z, agent j € J is the highest priority agent in | under f if f~1(j) < f~1(i) for any
i e J. Given a set of agents | C 7, the restriction of f to J is an ordering f; of the agents in J which orders them as they
are ordered in f. Formally f;:{1,2,...,|]J|} = J is a one-to-one and onto function such that for any i, j € J,

flo<fit) < Fo<fo.

Each ordering f € F defines a YRMH-IGYT mechanism. Let ¥/ denote the YRMH-IGYT mechanism induced by ordering
f € F. For any problem (I, H, R}, let ¥/ [R] denote the outcome of the YRMH-IGYT mechanism induced by ordering f; for
this problem.

For any problem (I, H, R), matching v/ [R] is obtained with the following YRMH-IGYT algorithm in several rounds.

5 Consistency for house allocation problem with existing tenants is in the same spirit as consistency defined for exchange economies by Thomson (1992)
and Dagan (1995). Thomson defines consistency in generalized economies with social and private endowments. Dagan considers Walrasian economies, but
allows the solutions to be empty-valued.

6 Abdulkadiroglu and Sénmez (1999) provided two algorithms, You Request My House-I Get Your Turn (YRMH-IGYT) algorithm and the Top Trading Cycles
(TTC) algorithm, to implement this mechanism. The description we provide below is based on the description that utilizes the TTC algorithm.
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Round 1. Construct a graph in which each agent, each house, and remaining unmatched option hg is a node. In this graph:

e each agent “points to” her top choice, a house or option hg (i.e. there is a directed link from each agent to her top
choice),

e each occupied house h; € Hp points to its tenant i,

e each vacant house points to the highest priority agent in I under f, and

e option hg points to all newcomers.

Since there is a finite number of agents and houses, there is at least one cycle. No agent or house is in more than one
cycle, however remaining unmatched option can be in more than one cycle. (A cycle is either (i) a list (g1, j1,..., 8k jk) of
houses and agents where house g; points to agent ji, agent j; points to house g,, house g points to agent j», ..., house
g, points to agent ji, and agent j, points to house g1, or (ii) a list (ho, i) where option hg points to agent i and agent i
points to hg.) Assign each agent in each cycle the choice she points to and remove each such cycle from the graph.

In general, at

Round t. Construct a new graph with the remaining agents, houses, and the remaining unmatched option hgy such that

e each remaining agent points to her first choice among the remaining houses and option hy,

e each remaining occupied house h; € Hp points to its tenant i in case its tenant i remains in the problem, and to the
highest priority remaining agent under f otherwise,

e each remaining vacant house points to the highest priority remaining agent under f, and

e option hy points to all remaining newcomers.

There is at least one cycle. No agent and house is in more than one cycle, though option hy can be in more than one
cycle. Carry out the implied exchange in each cycle.

The algorithm terminates when there is no agent left in the graph.
We demonstrate the execution of the algorithm with an example:

Example 1. Let [ = {iy, i2, 13, i4}, IN = {i5,i6, 17}, Ho = {h1, h2, h3, hs}, Hy ={d, e, g}. Let f = (is, i1, i3, 17,6, i2,14) be the
ordering of the agents. The preferences of the agents are given as follows:
Agent1: hy Pq---
Agent2: hq Py---
Agent3: dP3hgPy---
Agent4: ePy---
Agent5: dPs5---
Agent6: hg Pg---
Agent7: e P7h3Py---
The outcome of the YRMH-IGYT mechanism is found as follows:
Round 1. Each agent points to her first choice. Each occupied house points to its existing tenant. Each vacant house points
to f(1) =is. Option hp points to all newcomers. The resulting graph has three cycles, (d, is), (h1, i1, h2,i2), and (hg, ig) (see

Fig. 1).
We remove them from the problem by assigning each agent in each cycle the option she is pointing to:

vl =hy, ylin=m, ylisy=d, v ie)=ho.

Round 2. Each remaining agent points to her first remaining choice. Each remaining occupied house points to its tenant,
since its tenant is still in the problem. Each remaining vacant house points to the highest priority remaining agent, f(3) =is.
Option hg points to remaining newcomers. The resulting graph has a single cycle (e, i3, hyg,i4) (see Fig. 2). We remove it
from the problem by assigning each agent in the cycle the option she is pointing to:

yls)=hs, Yl (g) =e.
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‘I:Z —p i) h;

i1 d € i3

A

hq e hy
g iy

is is Iy
hy

Fig. 1. Round 1 of Example 1.

hs

e h4
g iy

ir
hy

Fig. 2. Round 2 of Example 2.
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Iy

P
«

hy

Fig. 3. Round 3 of Example 1.

Round 3. Only one agent is left and she is a newcomer. All houses and option hy point to her, while she points to her first
choice remaining, house h3. We obtain a graph with the cycle (hs3,i7) (see Fig. 3). We remove it from the problem and set

¥/ (i7) = hs.
The procedure is terminated, since all agents are assigned either a house or option hy.

5. Characterization of the YRMH-IGYT mechanisms

Our main result is a characterization of the YRMH-IGYT mechanism:

Theorem 1. A mechanism is Pareto-efficient, individually rational, strategy-proof, weakly neutral, and consistent if and only if it
is a YRMH-IGYT mechanism.

We present our main result through two propositions:

Proposition 1. For any ordering f € F, the induced YRMH-IGYT mechanism f is Pareto-efficient, individually rational, strategy-
proof, weakly neutral, and consistent.

Proposition 2. Let ¢ be a Pareto-efficient, individually rational, strategy-proof, weakly neutral, and consistent mechanism. Then
¢ =/ forsome f e F.

We prove these propositions in Appendix A.

The interpretation of Proposition 1 is straightforward as a mechanism design result. Interpretation of Proposition 2 is
trickier. Proposition 2 says that given any mechanism that satisfies the aforementioned properties, we can find a YRMH-
IGYT mechanism that generates the same matching as the original mechanism does for each problem, thus, these two
mechanisms are equivalent. Hence, this proposition is, in a way, an implementation result. Suppose that as a mechanism
designer, we would like to fully describe a given mechanism satisfying the aforementioned properties. The mechanism is
a black box for us and all we are able to do is to execute the black box to find its outcome for any given problem. Thus,
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for us, this mechanism is a function that assigns a matching for each problem. But, this description will be demanding
in terms of information processing, execution time, and information storage space, if the domain of problems is large.
On the other hand, using the proof of Proposition 2, we can construct an ordering of agents by finding the outcome of
the mechanism for only |Z| — 1 problems, instead of the whole domain (which has an exponentially increasing number
of preference profiles as |Z| increases), and use the induced YRMH-IGYT mechanism to fully characterize this particular
mechanism. Therefore, Proposition 2 gives us a less demanding way of describing such a mechanism through a YRMH-IGYT
mechanism, which has the desired properties as shown by Proposition 1. This feature can be appealing in implementing
real-life market mechanisms.

6. Independence of the axioms

The following examples establish the independence of the axioms.

Example 2. Fix an ordering f € F. For each problem (I, H, R), let mechanism ¢ assign each agent i € I her occupied
house h;, and the vacant houses are distributed to the newcomers according to the serial dictatorship induced by f: the
highest priority agent in Iy is assigned her top choice in Hy U {hg}, the second highest priority agent is assigned her top
choice among the remaining vacant houses in Hy and option hy, etc.

Mechanism ¢ is individually rational, strategy-proof, weakly neutral, and consistent but not Pareto-efficient.

Example 3. Fix an ordering f € F and let mechanism ¢ be the serial dictatorship induced by f: For any problem (I, H, R),
the highest priority agent in I is assigned her top choice in H U {hg}, the second highest priority agent is assigned her top
choice among remaining houses and option hy, etc.

Mechanism ¢ is Pareto-efficient, strategy-proof, weakly neutral, and consistent but not individually rational.

Example 4. Fix an ordering f € F. Let f(1) be a potential existing tenant. Let g € F be constructed from f by demoting
agent f(1) to the very end of the ordering (so that the highest priority agent under f is the lowest priority agent under g)
but otherwise keeping the rest of the priority ordering as in f. For any problem (I, H, R), let

Ye[R] if f(1) € Ig, hRihsforalliel, andh e H,

LRI = [wf[R] otherwise.

That is, mechanism ¢ picks the outcome of the YRMH-IGYT mechanism induced by ordering g if each agent (including
agent f(1)) ranks the occupied house of agent f(1) as her last choice, and picks the outcome of the YRMH-IGYT mechanism
induced by ordering f otherwise.

Mechanism ¢ is Pareto-efficient, individually rational, weakly neutral, and consistent but not strategy-proof.

Example 5. Let 7 and H be such that |Z| > 2. Let iy, i € Z be distinct agents and h* € H\ {hi}icz,. Let f, g e F be such
that f(1) =g2) =i1, f2)=g(1) =iy and f(i) =g(i) for all i € 7\ {iy, i2}. For any problem (I, H, R), let

VI[R] ifiiel, h* € Hy and h*R; hforallh € Hy,

LRI = [1//g[R] otherwise.

That is, mechanism ¢ picks the outcome of the YRMH-IGYT mechanism induced by ordering f if both agent i and vacant
house h* are present, and agent i; prefers vacant house h* to any other vacant house, and mechanism ¢ picks the outcome
of the YRMH-IGYT mechanism induced by ordering g otherwise.

Mechanism ¢ is Pareto-efficient, individually rational, strategy-proof, and consistent but not weakly neutral.

Example 6. Let f, g € F be such that f # g and f(1) = g(1) =i for some i € Z¢. For any problem (I, H, R), two cases are
possible:

e i¢Ig: Then ¢[R]1=y/[R].
e ic Ig: Then let ¢[R] be the outcome of the hierarchical exchange mechanism (Papai, 2000) with the following inheri-
tence rule:

o All vacant houses in Hy are initially inherited by agent i. During the execution of the hierarchical exchange algorithm,
if i is matched with h;, then all vacant houses are inherited according to the priority order g (i.e., vacant house h
is first inherited by agent g(2); when g(2) is matched, it is inherited by g(3), so on so forth); otherwise, they are
inherited according to priority order f in further rounds of the algorithm.

o For each j € Ig, occupied house hj is initially inherited by agent j. Once j is matched and h; is not, h; is inherited
according to the rule of the vacant houses specified above in further rounds of the algorithm.

Mechanism ¢ is Pareto-efficient, individually rational, strategy-proof, and weakly neutral but not consistent.
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Example 7. Another example regarding the consistency axiom is as follows: Let f,g e F be such that f # g. For any
problem (I, H, R), let

SIR] = Wwf[R] if there are odd number of vacant houses,
¥&[R] if there are even number of vacant houses.

Mechanism ¢ is Pareto-efficient, individually rational, strategy-proof, and weakly neutral, but not consistent.
Appendix A. Proofs of the results

Before, we prove our results, we state the following modification of the YRMH-IGYT algorithm. We will use this version
of the algorithm in our proofs. Since a cycle remains as a cycle in the next round if it is not removed in the previous round
in the algorithm, both versions are equivalent to each other. Let f € F:

Round 1(a). Construct a graph in which each agent, each house and option hy is a node. In this graph:

each agent “points to” her top choice, a house or option hy,

each occupied house h; € Hp points to its tenant i,

each vacant house points to the agent with the highest priority in I under f, and
option hp points to all newcomers.

Since there is a finite number of agents and houses, there is at least one cycle. If each cycle includes a vacant house then
skip to Round 1(b). Otherwise consider each cycle without a vacant house. Assign each agent in such a cycle the option she
points to, a house or option hg, and remove each such cycle from the graph. Construct a new graph with the remaining
agents, houses and option hg such that

each remaining agent points to her first choice among the remaining houses and option ho,
each remaining occupied house h;j € Hp points to its tenant i,

each vacant house points to the highest priority remaining agent under f, and

option hg points to all remaining newcomers.

There is a cycle. If each cycle includes a vacant house then skip to Round 1(b); otherwise carry out the implied exchange
in each such cycle and proceed similarly until either no agent is left or each remaining cycle includes a vacant house.

Round 1(b). Since each vacant house points to the highest priority agent among remaining agents under f, there is a
unique cycle in the graph, and it includes both the highest priority agent among remaining agents and a unique vacant
house. Assign each agent in such a cycle the house she points to and remove each such cycle from the graph. Proceed with
Round 2.

In general, at

Round t(a). Construct a new graph with the remaining agents, houses and option hqy such that

e each remaining agent points to her first choice among the remaining houses and option hy,

e each remaining occupied house h; € Hp points to its tenant i in case its tenant i remains in the problem, and to the
highest priority remaining agent under f otherwise,

e each remaining vacant house points to the highest priority remaining agent under f, and

e option hy points to all remaining newcomers.

There is a cycle. If the only remaining cycle includes either a vacant house or an occupied house whose tenant has left,
then skip to Round t(b); otherwise carry out the implied exchange in each such cycle and proceed similarly until either no
agent is left or the only remaining cycle includes either a vacant house or an occupied house whose tenant has left.

Round t(b). There is a unique cycle in the graph, and it includes the highest priority agent among remaining agents under
f and either a vacant house or an occupied house whose tenant has left. Assign each agent in such a cycle the house she
points to and remove each such cycle from the graph. Proceed with Round t+1.

The algorithm terminates when there is no agent left in the graph.
In the rest of the paper, when we talk about “the YRMH-IGYT algorithm” or “the algorithm”, we will be referring to the
above modified version.
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Proof of Proposition 1. Let f € . Pareto efficiency, individual rationality, and strategy-proofness of ¥/ follows from Abdulka-
diroglu and Sonmez (1999). Weak neutrality of v/ directly follows from the description of the YRMH-IGYT algorithm (i.e.,
under the relabeled economy, the relabeled version of the same sequence of cycles will form).

We next prove that ¥/ is consistent. Fix a problem (I, H, R). Let J C I be such that ¥/ [R](J) N {hi}ici;\j=% and GCH

so that the reduced problem (I'\ J, H \ W RI(HUG), R:*][/f[R](J)UG) is well-defined. Consider the execution of the YRMH-

IGYT algorithm to obtain matching vf[R] and suppose it terminates after round t*. For any t € {1,2,...,t*}, let A’ be the
set of agents who formed cycles and received their assignments in Round t(a), and let B! be the set of agents who formed
a cycle and received their assignments in Round t(b). Since no agent in ] is assigned the occupied house of an agent in
Ig\ J, set J can be partitioned as {I, J'};e(1,2,...t+) Where

e I' C A is a set of agents who form one or more cycles in Round t(a) of YRMH-IGYT algorithm, and
e J{ C B! is a set of agents {j1, ja, ..., jk} such that
1. wf[R](jg) =hj,,, forany £€(1,2,...,k—1}, and

2. ¥[R]1(jy) is a vacant house or the occupied house of an existing tenant in Ug;} JS.

_uf _uf
Consider, the reduced problem R_IJ/’ [RJ(DUG, and the execution of YRMH-IGYT algorithm to obtain wf[R_z’ [RJU)UG].

Round 1(a): In Round 1(a), having removed the agents in J has no affect on any remaining cycles and all agents in A!\ I
form the same cycles as in the original problem. Since some of the houses in the original problem are removed in the
reduced problem, cycles that form in subsequent rounds in the original problem may form earlier in Round 1(a) in the
reduced problem. A cycle that is not removed remains a cycle in subsequent rounds until removed. Keep any cycle involving
agents in I\ (A" U B') until the round it formed under the original problem and skip to Round 1(b).

Round 1(b): If J' = B!, then the exact same cycle forms in Round 1(b) as before and each agent in B! receives the same
assignment as before. If J1 =@ then this round is skipped. Let J! C B! be such that J! #@. Let (hy, i1, hi,. 12, ..., hi,, ik) be
the cycle formed in Round 1(b) of the original problem where i; is the highest priority agent in I\ A! under ordering f and
hy is a vacant house. We have J! = {is,i¢p41,...,ix} for some £ € {2,...,k} for otherwise someone in J; would have been
assigned the occupied house of an existing tenant who has been removed (and thus the reduced problem would not have
been well-defined). Having been the highest priority agent in a larger set, agent iy is still the highest priority agent among
the remaining agents. Moreover since agent i, has been removed, house h;, is a vacant house in the reduced problem.
Hence house h;, points to i; in Round 1(b). In addition agent i; points to h;, (as before), house h;, points to agent i (as
before), ..., agent i,_; points to h;, (as before). Hence (hj,, i1, hi,, ..., hi,_;,i¢—1) is a cycle in Round 1(b). Therefore each
agents in B!\ J! receives the same assignment in the reduced problem as before. We remove this cycle from the reduced
problem and proceed with Round 2.

We similarly continue with Round 2, and so on.” Therefore, each agent in I\ J is assigned the same house as under
¥f[R], completing the proof. O

Proof of Propeosition 2. Let ¢ be a Pareto-efficient, individually rational, strategy-proof, weakly neutral, and consistent mecha-
nism. Fix h* € H \ {hj}icz,. We will recursively construct an ordering f € F as follows:

e We determine f(1) as follows: Let R € R(Z, H) be such that for any i € Z¢,
h*P!hiP!h foranyhe (H\ {h* hi})U{ho} and
for any i € Zp/,
h*PlhoP!h foranyheH\ {h*}.

By Pareto efficiency of ¢, there exists some i; € Z such that ¢[R'](i1) = h*. Let f(1) =i;. Moreover, by individual ratio-
nality of ¢, ¢[R1](i) =h; for all i € Zg \ {i1} and #[R']() = hg for all i € Zpr \ {i1}.

e For any t > 1, upon determining agents f(1), f(2),..., f(t — 1), we determine f(t) as follows: Let R' € R(Z,H) be
such that
* Ri=R! forany i eZ\{f(1), f(2)...., ft—1D)},
* hoPth for any i € {f(1), f(2),..., f(t = 1D}NZx and h € H, and
* hiPl?h forany i e {f(1), f(2),..., f(t—1)}NZg and h € (H\ {h;}) U {ho}.
By individual rationality of ¢, ¢[R1(i) = h; for all i € {f(1), f(2),..., f(t — D} N Zg, and ¢[R'](i) = hy for all
ie{f), fQ),..., f(t = D}NIxr. By Pareto efficiency of ¢, [R'1(ir) = h* for some iz € Z\ {f(1), f(2), ..., f(t — 1)}
Let f(t) = ir.

7 The only difference in the argument in the following rounds is that, in Round t(b) for t € {1,2,..., t*}, the agent referred as house hy in our argument
could be either a vacant house or the occupied house of an existing tenant in Ui;]l Js.
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R; I i I 1 I I
h Y[R (i) A ¥ B
R; I } I { % }
h VIR he W A" B
Fig. 4. Construction of Preference R} for Case 1 with i € If.
R; — I — — I i
pe Y/[RI() Kk hi R B K
R, — I F—f—+— I i
pe o WVIRIG) b oW h o % B

Fig. 5. Construction of Preference R; for Case 2 with i € I and wf[R](B’) consists of h and I’ in order of occurrence in the cycle and x//f[R](i).

This uniquely defines an ordering f € F. We will prove that ¢ = /.

Fix a problem (I, H, R). We construct matching yf[R] by using the YRMH-IGYT algorithm. For each Round t of the
algorithm let A’ be the set of agents removed in Round t(a) of the algorithm and let B! be the set of agents removed in
Round t(b) of the algorithm.

We next construct a preference profile R” € R(I, H) that will play a key role in our proof. Consider an agent i € I and let
t be such that i € A' U B, Two cases are possible:

Case 1. Either i € A® or i € B! although she is not the highest priority agent in B': If i € Iz and y/[R](i) =h; or if i € Iy
and wf[R](i) = hg then R; = R;. Otherwise, R} is constructed for two subcases separately as follows:

Case 2.

Case 1.A.

Case 1.B.

i € Ig: We construct R; as follows:

(a) gPih <= gP;h for any g,h e (H\ {h;}) U {ho}.

(b) ¥/ [RIG)P!hiP}h for any h e (H \ {hi}) U {ho} s.t. ¥/ [R1(i) Pih.

That is, R} is obtained from R; by simply inserting house h; right after house S [R]1(i) and keeping the
relative ranking of the rest of the houses as in R; (see Fig. 4).

i € In: We construct R; as follows:

(a) gP}h <= gP;h for any g,h e H.

(b) ¥/ [RIG)PihoP}h for any h € H s.t. Y/ [R](i)Pih.

That is, R; is obtained from R; by simply inserting option hg right after house ¥ [R1(i) and keeping the
relative ranking of the rest of the houses as in R;.

i € B! and she is the highest priority agent in B! under ordering f: Observe that none of the agents in B! is assigned
option hg. Let ¥/ [R](B!) be the set of houses allocated in Round t(b) of the YRMH-IGYT algorithm.

Note that if i € I, ¥/ [R]())R;g for any g € ¥/ [RI(B) U{h;}, and if i € Iy, ¥/ [R]())R;g for any g € v/ [R](BY) U {ho}.
Two subcases are possible:

Case 2.A.

Case 2.B.

i € Ig: We construct R; as follows:

(a) gPjh <= gPih for any g, h e (HU {ho}) \ (¥ /[RI(B" \ {i})) U {h:}).

(b) gPjh <> gP;h for any g,h € ¥/ [R](BY).

(c) ¥/ [RIG)PigP;hiPh for any g € y/[RI(B"\ {i}), and any h e (H U {ho}) \ (¥/[RI(B") U {hi}) s.t.
¥/ [R1G) Pih.

That is, R} is obtained from R; by inserting houses in v/ [R](B! \ {i}) right after house v/ [R](i) without

altering their relative ranking, inserting house h; right after that group, and keeping the relative ranking

of the rest of the houses as in R; (see Fig. 5).

i € In: We construct R; as follows:

(a) gPlfh <= gPih for any g,he H\ tpf[R](Bt \ {i}).
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(b) gP/h <= gP;h for any g, h € ¥/ [R](BY).

(c) ¥/ [RI()P;gPhoP;h for any g € ¥/ [R](B' \ {i}), and any h € H\ ¥/ [R](B") s.t. ¥/[R](i)P;h.

That is, Rl’. is obtained from R; by inserting houses in v/ [R](B! \ {i}) right after house ¥ [R1(i) without
altering their relative ranking, inserting option hg right after that group, and keeping the relative ranking
of the rest of the houses as in R;.

By construction, ¥/ [R'] = y/[R]. We will prove four claims that will facilitate the proof of Proposition 2. We consider

the agents in A! in the first two claims.

Claim 1. Forany R_41 € R(UI\ A',H) and i € A', we have ¢[R’,,, R_,11(i) = v/ [R](i).

AL’

Proof of Claim 1. Fix R_A1 e R(I\ Al, H). By induction, we will show that ¢[R’ I’é_Al](i) = ¢S [R]G) for all i € AL,

Al

e Partition the agents in A based on the cycle they belong to. Let A} C A be the set of agents encountered in the first

cycle in Round 1(a) of the YRMH-IGYT algorithm. Two cases are possible:
Case 1. There is a newcomer in A}: Then A} consists of a single newcomer i whose first choice is option hg. By

individual rationality of ¢, we have ¢[R’ R_A1](i) =hg = wf[R](i).

Al

Case 2. There is no newcomer in A{: By individual rationality we have ¢[R’ ﬁ_A1](i) e (¢f[R1(i), h;} for any i € A%.

AV

Moreover wf[R](i)R;hi for any i € A}. Also we have dff[R](A}) = UjeA} {hj}. Hence by Pareto efficiency,
@IR,1. R_411() =/ [R1() for any i € A].

o Let Ag C A' be the set of agents removed in tth cycle in Round 1(a) of the YRMH-IGYT algorithm. In the inductive step,

assume that for any agent j removed in the previous cycles, ¢[R

’

e R_Al](j) = wf[R](j). Two cases are possible:

Case 1. There is a newcomer in A}: Then A} consists of a single newcomer i whose first choice is option hg among
(H\ Uy ¢ ¥/ [R1(AL)) U {ho}. By the inductive assumption since | J,«_, ¢[R1(AL) = Up ¥/ [R1(AL), then by
individual rationality of ¢, we have ¢[R’,,, R_411(i) = ho = ¥/ [R](i).

Al

Case 2. There is no newcomer in Atl: By the inductive assumption, since Ut*<t¢[R](A}*) = Ut*<rl[ff[R](Atl*)- then by
individual rationality of ¢, we have ¢[R’,,, R_,11(i) € {¥/[R1(i), h;} for any i € A}. Moreover Y/ [RI()R; for

Al

any i € A}, and y/[R](A}) = UjeAtl h;. Hence by Pareto efficiency, ¢[R’,,, R_411() = ¢/ [R](i) for any i € A}. O

AL’

Note that the proof of Claim 1 is entirely driven by Pareto efficiency and individual rationality of ¢. Therefore, it directly

implies the following corollary.

Corollary 1. For any f?_m € R(I\ A', H), any Pareto-efficient and individually rational matching w for problem (R’ R_41), and
any i € A1, we have (i) = v/ [R1(i).

AV’

Claim 2. For any R_41 € R(I\ A', H), and any i € A', we have [R 41, R_ 411(i) = ¥/ [R](i).

Proof of Claim 2. Fix f?_m e R(I\ A, H). For any J C A', we will prove that ¢[R), R

e R_411() = [R1() for all i € A?

by induction on the size of J.

o Let J={j} AL If y/[RI(j) =

hj ifjelg

[— : ’ : .
hy if jely then Rj = R; by construction of Rj. In this case, by Claim 1

$[R}. Riyr, ) Roa1 () = ¢[Riy1. R_ar]() = v/ [RI)-
Suppose ¥/ [R1(j) #h; if j e I and ¥/ [R1(j) # ho if j € In. By strategy-proofness of ¢,

$[Rj. Ry o Ron JOORj[Ryr, R_ar]G) and @[R)1, R_g J(DRGS[R ), R,y R a1 ] (-
The above relation, construction of R;, and Claim 1 imply that (see, for example, Fig. 6 for the case j e If)

$[Rj. Ryry iy Roar]() = #[R)yr. R_p1]() = ¥/ IRI).
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OlRy, Ry, 5y Roat] ()

R; | — —— |
h M 1% B h; [N
=¢[R,1,R_11](5)
¢[Rj» R;]l\{j}a RfAl](j)
R, | T |

e
WIRG)
J

:¢[RlAl ;R_Al](j)

noOR" B
Fig. 6. For the case with j e I, ¢[R;, R;%‘\(j)’ R_p1() = ¢[qu, .R_411G) = ¥/ [R1(j) by strategy-proofness.

Therefore, while problems (R;, R;‘l iy R_Al) and (R’ ﬁ_Al) differ in preferences of agent j, her assignment under

\Ui Al

¢ does not differ in these two problems. Hence matching ¢[R;, R;ﬂ R_ 411 not only has to be Pareto-efficient and

\UY

IALAl) but also under (R’ IALAl), and therefore, by Corollary 1,

individually rational under (R}, R’A] i

\GY
$[Rj Ryiy (0 R ] = v/ IRIG) forallie Al

e Fix ke{1,...,]A'| — 1}. In the inductive step, assume that for any J ¢ A? with |J| <k,
¢[R1,R;\1\],R7A1](i):wf[R](i) forallie A'. (1)

hj if jelg

/I _p. : / :
hy if jeln then Rj = R; by construction of Rj. In this

Fix J € A! such that |J| =k + 1. Fix j e J. If y/[R](j) = {
case,
Ry Ry, - Rop ] = B[R i Rigny 515y R-ar ] () = w7 [RIG), (2)

where the second equality follows from the inductive assumption Eq. (1) (since | ] \ {j}| = k).
Suppose ¥ f[R](j) # hj. By strategy-proofness of ¢, we have

¢[R]7 R/Al\]7 R_Al](])Rj(P[R]\{]}v R%l\(]\{]})a R_Al](j) and
The above relation and the construction of R’; imply that
$[Ry. Ry 1 R_an JG) = @R vy Rigr, gy R-ar J0O) =¥ [RIG), (3)

where the second equality follows from the inductive assumption Eq. (1). Since the choice of j € ] is arbitrary, Eq. (2) or

Eq. (3) hold for any j € J. Therefore while problems (Rj, R R_41) and (R/ ﬁ_m) differ in preferences of agents

/
Al\]’ Al?

in J, their assignments under ¢ do not differ in these two problems. Hence matching qb[RJ,R;ﬂ\], R_A1] not only
has to be Pareto-efficient and individually rational under (R, R;\I\J, IALAl) but also under (R’A1 R fLAl), and therefore, by

Corollary 1,
$[Ry, Ryr, s Rop ] =y [R1G) forallie A,
completing the induction and the proof of Claim 2. O

Let B! = {iy,..., i} and let (hy, i1, hi,, iz, ..., hy,, i) be the cycle removed in Round 1(b) of the YRMH-IGYT algorithm

where agent i; is the highest priority agent in I\ A! under ordering f, and house h, is a vacant house. In order to simplify
the notation, let

hi ., =hy.
We have
Y/ [RIGe) =hi,,, forallee(l,... k).

We consider the agents in B! in the next two claims.
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Claim 3. ¢[R/,;, R_p1](i)) = W [R1G) foralli € BY.

B’
Proof of Claim 3. First of all, observe that ¢[R’ 1o

contradiction. Suppose that there exists an agent i, € B! such that ¢[R’
the last such agent in the cycle. Then

R_p1](i) = wf[R](i) for all i € A! by Claim 2. We will prove the claim by
o> Rop1G0) # Y/ [RIGe) = wI [R'N(Ge) = h, ., Pick

¢[R/Bl, R_pi](im) =hy,,, forallme{¢+1,...,k} by the choiceof¢,
¢[R;;1 , R_Bl](i[) =h;, by Claim 2 and individual rationality of ¢,
gb[R’B] ,R_p1 ] (ie—1) =h;,_, by above relation, Claim 2 and individual rationality of ¢,

q{;[R’B1 ,R_p ] (i) = h;, by above relation, Claim 2 and individual rationality of ¢.

Since i1 is the highest priority agent in I\ A!, Case 2 applies in construction of R;l. If i1 € Ig, by Claim 2 and individual

rationality of ¢, we have d)[RB], _p11(1) € {hi;, ..., hj,,}, and since all but houses h;; and h;,,, are assigned to other
agents by above relations,

¢[R,B] ’ R—Bl](il) € {hi1 ’ hi(+1 }

On the other hand, if i1 € Iy, by individual rationality of ¢ we have d)[RB], _p11(i1) € {ho, hiy, ..., hik+1 }, and since all but
house h;,,, is assigned to other agents by above relations,

¢[RIB1 ’ R—Bl](il) € {hO, hi[+]}'

But house h;j,,, can neither be left unmatched nor be matched with agent iy under ¢[R31’ _p1] for otherwise assigning
house h;,,, to agent ip for all m € {1,...,¢} (and keeping the other assignments the same) would result in a Pareto
improvement under (Rsl’ _g1)- Therefore,

, . h;, ifijel . .
¢[Rpi. R_p1](i1) = {hg :le EI,EV and @[RY;. R_pi1](j1) =hi,, forsome jiel\(A'UB').

We will iteratively construct a set of agents S and a restricted preference profile RY. Set S and profile R will be used to
reduce the problem by removing agents in T =1\ ({i1} U S) and their assigned houses ¢)[RBI, R_p1us](T). The reduced
problem will be well-defined by the construction of S and R?. By invoking consistency in the reduced problem, we will be
able to show the required contradiction.

Iteratively form set S as follows:

Step 1. Let j; € S (i.e., agent jp is the first agent to be included in set S). Recall that ¢[R;3, , R_pg11(j1) = hj,,,. Let prefer-
ences R’j/] € R(j1, H) be such that

¢[R;;1, Bl](h)P h“P}/lh forallh e (H\ {hj,,,hj;}) U{ho} if jqelg,
[ —

=h;
Rjy: IR}, Ri;](j]) P/ hoPih forallhe H\ {hi,,,) if j1 € In.
T
Consider the problem (RB" i+ R_p1ygj,))- By Claim 2,
¢[Rpi, R} R Bru{h}](z)_wf[R](l) forallie Al (4)

By strategy-proofness of ¢,
¢[ BlaR R B1U]1 ](]])R/]/1 ¢[ /BlaRfBl](jl)
—_—
=hig
and since house h;,,, is the top choice under R;f]
¢[ B]aR/ R B1U]1 ](]1)_¢[ Bl7RfBl](jl)=hi[+1- (5)

Therefore



Step 2.

We continue iteratively and form set S = {j1, jo,...,js} €I\ (A UB') and preference profile (R

that
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¢[Rpis R}, . R_piygjyy]Ges1) =hi,, by Eqgs. (4), (5), and individual rationality of ¢,

¢[Rp1s R}, . R_p1ugjyy] (k) =hi,,, by Eq.(4), above relation, and individual rationality of ¢

and

®[Rp1. R}, . R_piuyjyy](Ge) =hi, by Eqgs. (4), (5), and individual rationality of ¢

®[Rp1, R}, . R_piuyjyy](i2) = hi, by Eq. (4), above relation, and individual rationality of ¢.
Eq. (4), above relations, and individual rationality of ¢ imply

, . Cy hil ifi; e I,
¢[ Bl’ijRfB]U{]l}](l])_[ho ifi]EIN.

If j; € Iy or ji € I and there is no agent j; € I'\ (A" UB') such that ¢>[RBl,R3-’] R R,Blu{j]}](jz) =h;, then terminate
the construction of S. (Thus S = {ji}.) Otherwise such agent j, is the second agent to include in set S and let
preferences R’f € R(j2, H) be such that

qb[R’B],R R_piyjy ](]z)P hJZP”h forallh e (H\ {hj,,hj,H) Utho} if jo €Ik,

_h
"o
Rt ) IR, RY R Bluj]}](jz)P hoP/h forallhe H\ (hy,) if jp e Iy,
=hj,
By Claim 2,
O[Ry1. Ry, iy Ropiogy jy ] = W/ [R1G) forallie A, (6)

By strategy-proofness of ¢,
¢[R%],RN]1 ja}? R —B1U{j1,jo} ](JZ)R ¢’[ 317R9/17R B1U{j1} ](]2)

=hj,
which in turn implies
¢[ ;ﬂ’ Ri/1'1yjz}’ R_p1ugjy. i) ](]2) _¢[ B’ R// R*B1UU1}](-’.2) =hj,.

Therefore by individual rationality of ¢, Eq. (6), and construction of R;./Z,

¢[ B> ?11 j2p R—31U{11712}](j1)=hi£+1’

which in turn implies (using a similar argument as in Step 1)

¢[ ;31’ Ri/h j2) REB1Ugy o} ](im) =hiy,,, forallme{e+1,....k},
¢[R;?1’ RN]] j2b R —B1U{j1.j2} ](lm) him forallm €{2..... £},

, . i h;, ifiq € lg,
O[Ry1: RYj, 1oy Roprugy, jmy ] (1) = ih;l ifiy e Iy.

1+ RS, R_giys) such
if js € Ig  then ¢[R};, RS, R_piys]() #hj, foranyiel,

®[RG:. RS R_giys|(im) =hj,,_, forallme{2,....s},

¢[R;313R57R_BIUS](j1):hig+1a and

. hi, ifiq € IE,
$[Riy1, RS, R_p1s] (i) = {h:)] ifiy € In.
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Observe that {j1,..., js—1} C Ir, and one of the following statements holds: (i) js € Iy, or (ii) js € I and there is no agent
i € I such that ¢[R31 s R” R_pi1ys](i) = hj,. For otherwise, agent i would also be included in set S. Therefore, upon removing

agents in T =1\ ({i;}US) and their assigned houses G = ¢’[R31 , R%, R_giys1(T), the reduced problem (R;:G, Rg’c) is well-
defined. Note that the set of remaining agents is {i;}US, and house h;,, is a vacant house in the reduced problem (possibly
together with other vacant houses). By consistency of ¢, we have

¢[R;~C, RS C]() = ¢[R}1, RS, R_piys] (i) forallie{ir}Us.
In the rest of the proof, for the sake of notation we set
hj, = hiy,, -
Note that the preference relation profile (R;]’G, Rg’c) € R({i1} UG, H\ G) is given as follows:
i1

hjoP{ChoP{=C .. ifiy €y,

Jotiq

G {hmp’ Chi, P{7¢ - ifiy €I,

n—G =G
hJOP hj, P ..

// G // G
h]l h]z o

n—G .
Rs\iar?
. pr- G p/- G
h]s 2 h]s 105 77
// G // G P
R//fG, h]s 15 s h]s e ifjselg,
j . // G // G T
s hj,_, P is ho Pjs if js e Iy.

We consider the remaining houses H \ G and construct the following preference relation R;’]’G € R(i1, H\ G):

h]OP” Ghjl Pz{;_c T P;;_Ghjsq Pz/'/l_chﬁ P;;_Gh

—G. forallhe(H\(GU{hjo,.. Jhj o hi D) Uthe) ifiq € g,
Ri1 : h;, 1// Gh /; G . //1 Gh]s 1 p/- GhOP// Gh
forallheH\(GU{hJO,.. h]H}) ifi; €ln.

By strategy-proofness of ¢,
¢[R§:G! R/s/fc](il)R;:G‘p[ /;1}65](’1)
—_ —

_ hi] ifi]GIE,
N h() ifi]GIN

We have hj, € ¢/[R](B'), we have hj, Pl/ Ch;, and therefore ¢[Rﬁ:ﬁ)s](i1) # hj,. Thus,

R/ {hj,,....hj,_,, hyy} ifip elg,
¢[ {ll}US](ll)ei{hjl,...,hjsil,ho} ifip ely.

Two cases are possible:

Case 1. ¢[R1/l1_}65](”) € {hh [RRR hjs—l }:

Let ¢[R}/,-:,%5](i1) = hj,, such that m <s. Thus jp € I¢. Then by individual rationality

. hj, ifjpel
oK s = {1 {2 N forallpem s

o[R ”1165](],,)_h]p , forallpe{l,...,m}.
Therefore, upon removing all agents except {i1, j,m} and all houses except
c {hi;, hj,_,. hj,} ifiy elg,
B U T ifijely

n—G

from the reduced problem R{”}US, the further reduced problem Rﬁc iml is well-defined. That is because, under

qS[R;/,.])%S], h;, is unassigned in case i1 € Ig, hj,, is assigned to agent iy, and hj, , is assigned to agent jy. In this

further reduced problem, house hj,, , is the unique vacant house. By consistency of ¢, we have
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d)[R//l(l; jm} ](l]) - ¢[ Nl] CL;_JS](I]) - h]m7
SR ;1 Gm) = B[Ry 5] Gim) = hjy, -

Note that the preference profile R”G | € R({i1, jm}, G") is given as follows:

. nG'y . p/G'y. prG iy

"G’ . h]m—l Pi1 h]m Pil hll Pil ho ifiy €I, "G’ . nG'y . prG'

R/%: e e . Ri": hj, Py hj, PP -
hj.s Pi] hj,, Pi1 ho ifiy €Iy,

We consider the houses in G’ and construct the following preference relation Ri‘i/ € R(i1,G):

e Mjpy PO M3y PE o if iy € 1,
2 hjmflpi(ihopi(i ifi]GIN.
By strategy-proofness of ¢,
G’ G' ([5G prG'
O[RE ;]GD R @[RY L R ]G
N—— —

=h;

Jm

Since hj,, | P?;G/hjm by construction, ¢>[R R”G 1(i1) #hj,,_,. Therefore by individual rationality of ¢,

PG PG iy — hil ifi; elg,
¢[Rz1 ’ le ](“) = !ho ifi; eIy,

and this together with Pareto-efficiency of ¢ imply
~ G/ G/ .
¢[Ri1 s R/j/m ](]m) = hjm,y

Recall that iy is the highest priority agent in I\ A! under ordering f. In particular, i; has higher priority than j,
since jm €1\ (AU BY). Let iy = f(t) for some t. Consider the profile R’ used in construction of f. Any agent i
ordered before i1 has h; as her first choice under R! if i € Zg and has hg as her first choice under R! if i € Ty,
whereas any other agent i has the vacant house h* as her first choice, h; as her second choice under R' if i € Z¢,
and hg as her second choice under R' if i € Zys. We have ¢[R'](i1) = h* and ¢[R'](i) = {Z' 12 Egg for all
0
i eI\ {i1} by construction of f and individual rationality of ¢. Therefore, upon removing all agents except {i1, jm}
and all houses except

C*— thi,, hj,, h*} ifi e Zg,
| thj,. B} ifii e Zn

from problem RY, the reduced problem RtG it is well-defined. (That is because, h;, is unmatched if iy € Zg, hj, is
matched to j,, and h* is matched to i under ¢[R"1.) By consistency of ¢,

SR ) =[R']()=h* and B[RS, 1Gim) = [R']Gim) = hij-

Note that the preference profile R{l m} € R{i1, jm}, G* is given as follows:

*ptG*p. ptG* . ifi
tG*. h* P hi, Py ifiy € Ze, RIG*. ppiG*h. piG* ...
h h*P{]G hoPlF]G - ifiy € Zp, Jm Jm TIm i

There is a single vacant house in both reduced problems (Rg/, R;’S) and Rig*jm} while the agents and the occupied

houses are the same. Under the profile (Rf]', R;fg/) each agent ranks the vacant house hj, , as the first choice, her
occupied house if she is an existing tenant or option hg if she is a newcomer as the second choice. Similarly under

profile RLG iml each agent ranks the vacant house h* as the first choice, her occupied house if she is an existing

tenant or option hg if she is a newcomer as second choice.® However, agent jy, is assigned the top ranked vacant

"l,’ ifieIg

8 Observe that for each agent i € {i{, jm} the ranking of options below oo
ho ifieZn

does not matter under both preference profiles by the following

reasoning: Agent i receives an option weakly preferred to {Z’ :? i z%g under either profile. When she changes the ranking of houses ranked below
0 N
{ Zi :? : i %i/ by strategy-proofness of ¢, she will continue to receive the same option as before. By Pareto efficiency of ¢ the other agent will continue to
0

receive the same option she was receiving before.
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house hj,, , under ¢[RG ,R”G] whereas agent i1 is assigned the top ranked vacant house h* under ¢[R{“] }]

contradicting weak neutrality of ¢. Therefore, we have ¢[R’,;, R_p1](i) = I [R]() for all i € B! completing the proof

of Claim 3.
-G _ Jhi, ifiqelg,
¢[R 5](11) ho if i1eln
then by Pareto efficiency of ¢
¢[R//11 ]G =hj, , forallpe(l,....s}.
Therefore, upon removing all agents except {iy, js} and all houses except
{hi,, hj.,hj,_,} ifiy €lgand js € Ig,

B1’

G/_ {hil’hfsfl} ifi1eINandjseIE,
) {hj,, hj_ 3 ifi; € Iy and js € I,
{hj,_} ifiielyand jsely

from the reduced problem Ri/i:)%s, the further reduced problem R’{/IG is) is well-defined. (That is because, i1 is un-
matched if i1 € Iy and h;, is matched to iy if iy € Ig, hj,_, is matched to agent js, and hj, is unmatched if js € Ig
under ¢[R” G s])- In this further reduced problem, house hj,_, is the unique vacant house. By consistency of ¢, we
have

hi] lfl] (S IE,

h() ifi] eIy,

¢[RNI1 js} ](il) =¢[ //llcUS](ll) = {

$[RE ;1) = ¢[R0s]Us) =hj,_,.

"G’
{i1,jm}

‘ 0G'p G P nG'y . p/G i
R h]HPi] h,]Pi1 .. ifiq elg, R hj, 1P h]stS - ifjgelg,

i1 . nG' nG' i Js //G "G’ )
h]HPi1 hoPil - ifiq ely, s hJHPjS ho Pjs - if jselp.

Note that the preference profile R € R{{i1, jm}, G") is given as follows:

Recall that iy is the highest priority agent in I\ A! under ordering f. In particular, i; has higher priority than js,
since js € I\ (A' UBY). Let iy = f(t) for some t. Consider the profile R’ used in construction of f. Any agent i
ordered before i; has h; as her first choice under R! if i € Zg, hg as her first choice under R’ if i € Tps, whereas
any other agent i has the vacant house h* as her first choice and h; as her second choice under R! if i € Z¢, hg as
her second choice under R! if i € Iy. We have ¢[R'](i1) = h* and ¢[R'](i) = Zi :gi €§g, for all i e I\ {i1} by
0
construction of f and individual rationality of ¢. Therefore, upon removing all agents except {i1, js} and all houses
except

{hi,, hj,,h*} ifi1 € Zg and j; € Zg,

C* — {hi,, h*} ifii € Zg and js € Zps,
- {hjs,h*} ifil GI_/\[ and js €lg,
{h*} ifiy € Zyr and js € Ty,

from problem R, the reduced problem R{11 i is well-defined. (That is because, h;, is unmatched if iy € Zg, hj, is
matched to js if js € Zg, and h* is matched to i; under ¢[R'].) By consistency of ¢,

tG SN Tptley _ pk tG* oty )y ifjs€Ze,

O[RIE N = o[Ri0 =h* and o[RS, 100 =o[RGn = {2

Note that the preference profile R(¢ | € R{i1, js}, G*) is given as follows:

{11 Js}
*ptG*p . ptG* *ptG*p . ptG* i g

- h pi1 thi] - ifip eZg, G h Pjs h]SPjs - ifjseZg,

i h*PIC hoPiC™ .. ifiy € Ty, Js WP ho P i s e Ty

"G’

(i1, Js}

houses are the same. Under the profile R?f j;) each agent ranks the vacant house hj,_, as the first choice, her

occupied house if she is an existing tenant or option hg if she is a newcomer as the second choice. Similarly under

profile RtG each agent ranks the vacant house h* as the first choice, her occupied house if she is an existing
tenant or optlon ho if she is a newcomer as the second choice (see footnote 8). However, agent js is assigned
the top ranked vacant house hj_, under ¢>[R”GJ }] whereas agent iy is assigned the top ranked vacant house h*
under ¢>[R‘ﬁ im ] contradicting weak neutrality of ¢. Therefore, we have ¢[R’,, R_p1](i) = wf[R1G) for all i e B!

completing the proof of Claim 3. O

There is a single vacant house in both reduced problems R and Rgﬁ i while the agents and the occupied

B’
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PR\ i,y Bopr\finy] (i)

—_——
R;, — 1 i 1 1 I 1 1
f .
h wj@ B by hiy  pr hig B

=hiy=¢[R1,R_p1](i1)

¢[R,31\{i1}7 R*Bl\{il}] (i1)

/ | | | | | | | |
i1 1 T 1

\ \ T \
V' [R] (i)
~—— hiy hiy hy p B B
=hi,=0¢[R;1,R_p1](ia)
Fig. 7. When i1 € I, (R}, ;- Rop1\iy)1(i1) = @[RG, . R_pi](in) = W/ [R1(i1) = hy, by strategy-proofness of ¢ for the case with B! = {iy,i»,i3) and h;, =h,

is a vacant house. For the case i1 € Iy, replace h;; with hg in the figure.
Claim 4. $[R1(i) = ¥/ [R](i) for all i € B1.

Proof of Claim 4. We prove the claim by induction. Starting from preference profile (R/Bl , R_p1), we will replace R} with
R; for each agent i in B! = {i1,..., i} one at a time in order. Recall that (hy,i1, hiy, 2, ..., hy, i) is the cycle removed in
Round 1(b) of the YRMH-IGYT algorithm where agent i; is the highest priority agent in I\ A! under ordering f, and house

hy is a vacant house. Recall that hik+1 =h,. We have

v/ [RIGe) =hi,,, forallee(l,... k.

!

BI\{i1}’
$[Ry1, i,y Rogriny ] = ¥IIRIG) forallie A, (7)

e Consider the preference profile (R R_p1\(i,))- By Claim 2,

By strategy-proofness of ¢,

d)[R;gI\{il}v R_Bl\{il}](il)Rh ¢[R;;1 ) R_Bl](il) and
——

=hi,

¢[Ryr. R_p1 J(iD) R G[Rp, i1y Ropr iy J A1)
N e’

=hj,
Recall that i; is the highest priority agent in B! under ordering f. Therefore, Case 2 applies to the construction of lel
and the above relation together with construction of R;l imply (see Fig. 7 for the case i; € Ig. For the case iy € Iy,
replace h;; with hg in the same figure).

d)[ /Bl\[ﬁ}’ RfB1\{i1}](i1) = ¢[ /Bl’ R—Bl](i]) = Wf[R](ll) = hi27 (8)
where the second equality follows from Claim 3.
By individual rationality of ¢, Eq. (7), and construction of R’Bl\{m (for which Case 1 applies) we have

9[ ’Bl\{i]}, R_gi\giyy (o) € thi, hiy,, ) forall € e 2, ... k). (9)

Then,

¢[R;;1\{,-]}, R_Bl\{il}](iz) =hi, by Egs.(8)and (9),

¢[R/31\{i1}, R,B1\{i1}](ik) =h;,,, by above relation and Eq. (9).
We showed that

$[Ry1 i,y Ropniny ] () = @Ry, R_pr [() = ¢/ [R1(G) foralli e BT,
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e Let £e€{2,...,k} and J ={iy,...,ir}. In the inductive step, assume that
¢[R}.R_;]() =y [RIG) forallieB'.
We will show that qb[R/J\{ig}, R_p\ig]() = t/ff[R](i) for all i € B!.
Consider preference profile (R’ ;;,, R—j\si)). By Claim 2,
O[R)\iyy» R-pii ] =¥/ [R1G) forallie A, (10)

By strategy-proofness of ¢,

O[R)\iy> R-1vtinJGoRi, ¢[R), R—j]Ge)  and
—_—

=hip 4
¢[R’) R—j](e) R;, R\ i,y R— iy ] (o)
N———
=hiy;
and this together with construction of R;, (for which Case 1 applies) imply
SR\ ji)» R=p\i0]Go) = @R} R_j](Ge) = ¥/ [RI(Ge) = iy, (11)

where the second equality follows from the inductive assumption.

By individual rationality of ¢, Eq. (10), and construction of R/J\{i(} (for which Case 1 applies) we have

¢[R’J\M, R_ iy ]im) € hiy,, hi,,,} forallme {€+1, ... k}. (12)
Then,

O[R\iy> R-1\tieyJGe1) =iy, by Egs. (11) and (12),

‘f’[R/J\{i«}’ R_j\iiy] (i) = hi,,, by above relation and Eq. (12).

Hence, we showed that

O[R\(iy)» R- i ] = ¢[R). R ]() = v/ [RI()) forallie J. (13)
We are ready to complete the induction by invoking consistency: Upon removing agents in J = {iy, ..., ik} and their
assignments

O[Riiy> R-1vtianJ(D = o[ R, Ry J(D) = {higyys - higy) (14)

from problems (R,]\{ii}’ R_j\ti,y) and (R’, R—)), the reduced problems are not only well-defined (recall that h;,, is a
vacant house) but also identical. Therefore, for any i € I'\ J,

=R\ (i) R= i) 1D
¢[R/]\{ig}aR—]\{ig}](i)=¢[R,J Nigy T =J\ie}

—¢[R),R—j1()) .
=¢[R_} ")) byEq.(14),

= ¢[R},R—;]()) by consistency of ¢

]@@) by consistency of ¢,

and this together with Eq. (13) imply

S[R)\jiy)» R-1viin] = #[R). R—j]. (15)
Eq. (15) and inductive assumption imply that

S[R)\jipy R\ ] =y [RIG) forallie B,

completing the induction and the proof of Claim 4. O

We are ready to complete the proof of Proposition 2. By Claim 2 and Claim 4,

#[R1() = v/ [R1() forallie A'UB!. (16)
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Since for any i € A" U B!, assignment v/[R](i) is either the vacant house hj,, the occupied house of an agent in A" U B,

or option hg, upon removing the agents in A' U B! and their assigned houses included in ¢[R](A' U B!) = v/ [R](A' U B)
p p g g g ¢ ¥
—¢[RI(A'UB")

AN is well-defined. For any i € A% U B2, we have

from the problem R, the reduced problem R

1 1
O[R1() = ¢[R:ﬁllﬁjé? vB )](i) by consistency of ¢,
1 1 1 1
= wf[R:ﬁ[lﬁ];? vB )](i) by application of Claims 2 and 4 to R:%RU];;’? UBY) for A2 U B2,

_uf Al 1 X
=y [RZY A B0 ) by Eq. (16),

=y [R1(i) by consistency of v/ .

We iteratively continue with agents in A3 U B3, and so on to obtain

¢[R1=y/[R]

completing the proof.
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