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MATCHING WITH (BRANCH-OF-CHOICE) CONTRACTS AT THE
UNITED STATES MILITARY ACADEMY

BY TAYFUN SONMEZ AND TOBIAS B. SWITZER!

Branch selection is a key decision in a cadet’s military career. Cadets at USMA can
increase their branch priorities at a fraction of slots by extending their service agree-
ment. This real-life matching problem fills an important gap in the market design lit-
erature, providing strong empirical legitimacy to a series of elegant theoretical works
on matching with contracts. Although priorities fail a key substitutes condition, the
agent-optimal stable mechanism is well defined, and in contrast to the current USMA
mechanism it is fair, stable, strategy-proof, and respects improvements in cadet prior-
ities. Adoption of this mechanism benefits cadets and the Army. This new application
shows that the matching with contracts model is practically relevant beyond traditional
domains that satisfy the substitutes condition.

KEYWORDS: Market design, matching with contracts, stability, strategy-proofness.

1. INTRODUCTION

AS A RESPONSE to historically low retention rates among junior officers, a
group of economists and senior officers at West Point’s Office of Economic
and Manpower Analysis (OEMA) designed a program called the Officer Ca-
reer Satisfaction Program (OCSP) in the mid 2000s to boost career satisfac-
tion and retention.> OCSP consists of three incentive programs, each of which
carries a “price” of an additional three years of active duty service, for a to-
tal of eight years for United States Military Academy (USMA) cadets.’ The
program is completely voluntary and cadets can choose any two of the follow-
ing three incentive programs: (1) graduate school, (2) Branch-of-Choice, and
(3) Base-of-Choice. The first incentive program is an option for two years of
fully funded graduate school that vests once the officer completes his initial
five-year commitment along with his additional three-year commitment. The
second incentive program is a contract where the cadet agrees to serve an ad-
ditional three years in exchange for a specific career specialty, or “branch”
in military language. The final incentive program is a contract where the cadet
agrees to serve an additional three years in exchange for the base of the cadet’s
choice for his first assignment. Across years 2006 to 2009, the Army has gained
a total of 17,596 man-years through the OCSP, increasing the expected eight-
year continuation rate of officers from 47 percent to 67 percent (Wardynski,
Lyle, and Colarusso (2010)). Slightly more than 60 percent of this gain is due

'We thank Péter Bird, Federico Echenique, John Hatfield, Fuhito Kojima, Scott Komin-
ers, three anonymous referees, and seminar participants at Berkeley, Boston College, Chicago,
Deakin, UNSW, 2011 NBER Market Design Workshop, ESAM 2012, GAMES 2012, Match-Up
2012, SAET 2012, and 2012 NSF/CEME Decentralization Conference for helpful comments.

2See Wardynski, Lyle, and Colarusso (2010) for a comprehensive review.

SUSMA is also known as West Point.
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to a carefully designed Branch-of-Choice incentive program that has been im-
plemented through the USMA mechanism, an “indirect extension” of the cele-
brated Gale—Shapley (1962) agent-optimal stable mechanism.

In contrast to traditional two-sided matching models, the introduction of the
branch-of-choice incentive makes the cadet-branch matching problem analyti-
cally more challenging. Indeed, the novel branch priorities the Army adopted
with its incentive program do not satisfy a substitutes condition, which was
thought to be a necessary condition to apply the Gale-Shapley program when
the Army started implementing the OCSP in 2006. That the substitutes con-
dition is not necessary was only recently discovered by Hatfield and Kojima
(2008). It is fair to suggest that the USMA mechanism was designed at a
time when market designers did not fully understand priority-based indivisible
goods allocation in the absence of the substitutes condition. Fortunately, signif-
icant progress has been made since then, most notably by Hatfield and Kojima
(2008, 2010). Building on these recent advances, we show that the challenges
introduced to cadet-branch matching with the branch-of-choice incentive pro-
gram can be overcome fairly easily without disrupting the core of the current
USMA matching system.

Prior to implementation of the OCSP, the assignment of cadets to branches
was a relatively straightforward task. Cadets at USMA have a strict priority
ranking known as an order-of-merit list (OML) that is based on a weighted aver-
age of academic performance, physical fitness test scores, and military perfor-
mance. The Army had been using the serial dictatorship induced by the OML to
assign slots at 16 branches to cadets. The highest-priority cadet was assigned
his top choice, the second-priority cadet was assigned his top choice among
the remaining choices, and so on. This mechanism is the only mechanism that
is Pareto efficient and fair in the sense that a higher-priority cadet would never
envy the assignment of a lower-priority cadet (Balinski and S6nmez (1999)).
Moreover, it is strategy-proof, and hence, truthful-preference revelation was al-
ways in the cadets’ best interests. With the introduction of branch-of-choice
incentives, the Department of the Army decided to change branch priorities as
outlined in its October 1, 2007 dated memorandum to the USMA superinten-
dent:

Cadets will be branched with the initial objective that the first 75 percent of each branch
allocation is assigned by CPR. The DCS, G-1 may adjust the 75 percent target based on
the needs of the Army. The remaining branch allocations will be distributed in CPR order
to cadets who are willing to extend their ADSO by three years to secure their branch of
choice. Once all volunteers are exhausted, remaining branch allocations will be distributed
in CPR order.*

Along with this change in branch priorities, the nature of the outcome of the
cadet-branch matching problem has changed as well, because cadets are as-

“Here CPR stands for cadet performance rank, ADSO stands for active duty service obligation,
and the Deputy Chief of Staff, G-1 (DCS, G-1) is responsible for developing policy pertinent to
active duty service obligations.
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signed branch-price pairs under the new problem. Since the Kelso and Craw-
ford (1982) extension of the agent-optimal stable mechanism allows for wages,
it is a natural candidate to consider as a solution to the new problem. This ap-
proach, however, is not fruitful because a substitutes condition that is key in
Kelso and Crawford (1982) is not satisfied in the present context.

Perhaps due to these challenges, the recently adopted USMA mechanism
induces a relatively complicated game, and it does not inherit any of its pre-
decessor’s appealing properties. Of particular concern is that truth-telling may
no longer be an optimal strategy.’ Furthermore, an equilibrium outcome of the
USMA mechanism can be inefficient, unstable, unfair, and may penalize cadets
for unambiguous improvements in their order-of-merit list standings. Building on
recent advancements in the market design literature pioneered by Hatfield and
Milgrom (2005), we propose the cadet-optimal stable mechanism (COSM) as an
alternative. In contrast to the USMA mechanism, COSM is strategy-proof, sta-
ble, fair, and respects improvements in cadet order-of-merit list standings. We
fully diagnose the cause of all undesired features of the USMA mechanism
by showing that the entire issue emanates from one “shortcut” the mecha-
nism takes. Under the branch-of-choice incentive program, each branch can
be obtained either at the default cost or at the increased cost. There are 16
branches and hence 32 possible branch-cost pairs that can be assigned to each
cadet. COSM is a direct mechanism where each cadet submits his preference
ranking of as many as all 32 pairs.® In contrast, the USMA mechanism directs
each cadet to report a ranking of 16 branches while at the same time signing
a branch-of-choice contract for each branch for which he is “willing” to pay
the increased cost. Using the branch preferences along with the set of signed
branch-of-choice contracts, a proxy-preference relation over branch-cost pairs
is constructed, and a virtually identical procedure with the COSM is used to
determine the final outcome. Hence, while cadets can truthfully declare their
preferences under the COSM, they need to represent them as best as they can
using the smaller strategy space available under the USMA mechanism.” The
difference between the strategy spaces results in the USMA mechanism losing
most (if not all) of the desirable properties of its predecessor in an otherwise
perfect design.

The cadet-branch matching problem is a special case of the matching with
contracts model (Hatfield and Milgrom (2005)) that subsumes and unifies the
Gale and Shapley (1962) college admissions model and the Kelso and Craw-
ford (1982) labor market model, among others. This model has attracted a lot

>This observation was first made by Switzer (2011).

%Since participation in the OCSP incentive program is fully voluntary, cadets do not need to
report the ranking of increased cost alternatives that are worse than all default cost alternatives.
Hence each cadet needs to rank anywhere between 16 and 32 alternatives under the COSM.

"The adverse impact of limiting strategy space in simpler school choice environments is well
studied. See Haeringer and Klijn (2009) for a theoretical analysis and Calsamiglia, Haeringer,
and Klijn (2010) for experimental evidence.
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of attention not only because it unifies the above-mentioned models but also
because it relates matching markets to auctions and formulates how the Gale—
Shapley program relates to fixed-point techniques in lattice theory.® From a
theoretical perspective, matching with contracts is a very elegant model, but
until now it was not clear whether it has practical applications beyond those
covered by the traditional two-sided matching models. As such, our paper pro-
vides a strong empirical legitimacy to this recent development in matching the-
ory.

To elaborate on this point, we need to briefly discuss two important recent
papers. Echenique (2012) has shown that, under the substitutes condition of
Hatfield and Milgrom, the matching with contracts model can be embedded
within the Kelso and Crawford (1982) labor market model.” Many of the re-
sults in Hatfield and Milgrom (2005) assume the substitutes condition, and
thus Echenique (2012) has shown a (highly nontrivial) isomorphism between
these results and their counterparts in Kelso and Crawford (1982).!° Echenique
(2012) emphasized that substitutability is key for the embedding to work. In
particular, he indicated that a recent theory paper by Hatfield and Kojima
(2010) analyzed matching with contracts under weaker conditions, and his em-
bedding does not work under their conditions. Although Hatfield and Kojima
(2010) did not offer any applications under their weaker unilateral substitutes
condition, they showed that many of the key results still persist under this con-
dition. Remarkably, although the substitutability condition fails in the context
of cadet-branch matching, the unilateral substitutes condition is satisfied. And
thanks to Hatfield and Kojima (2010), results of Hatfield and Milgrom (2005)
that are relevant for cadet-branch matching can all be extended under the uni-
lateral substitutes condition. In this sense, our paper presents the first practical
application of matching with contracts that cannot be embedded into the Kelso
and Crawford labor market model.

While our main focus is solving the Army’s cadet-branch matching prob-
lem, we also extend our basic model to analyze priority-based allocation of
indivisible goods, when agents can “buy” priority for some of the slots. We
present an application to centralized school admissions where part of the seats
are allocated at low tuition based on priorities, while the rest are reserved for
high-tuition students. This is reminiscent of high-tuition seats being reserved
for out-of-state students at state universities, although our model is relevant
for centralized admissions. Another application is parking space assignment
where allocation is based on priorities, although priorities for some slots can
be improved through higher-cost permits.

The rest of the paper is organized as follows. In Section 2, we introduce the
cadet-branch matching problem. In Section 3, we introduce the COSM and

8Recent contributions in this research program include Hatfield and Kojima (2008, 2010),
Hatfield and Kominers (2012), Ostrovsky (2008), and Westkamp (2010).

9Kelso and Crawford (1982) built on the analysis of Crawford and Knoer (1981).

0See also Kominers (2012) for an extension to many-to-many matching.
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show that it satisfies a number of desirable properties. In Section 4, we intro-
duce and analyze the current USMA mechanism, and compare and contrast
it with the COSM. In Section 5, we present an extension and briefly discuss a
more comprehensive model subsequently developed by Kominers and S6nmez
(2012). We conclude in Section 6.

2. THE CADET-BRANCH MATCHING PROBLEM

Prior to 2006, the assignment of cadets to branches at USMA was a basic ap-
plication of a student placement problem (Balinski and Sénmez (1999)): A num-
ber of cadets were to be assigned to a number of branches based on their pref-
erences over branches, capacities of the branches, and a unique priority rank-
ing of the cadets. This priority ranking of cadets is known as order-of-merit list
(OML) in military language, and it is based on a order-of-merit score (OMS)
that is constructed as a weighted average of academic performance, physical
fitness test scores, and military performance. The outcome of a problem is a
matching of cadets to branches such that no cadet is assigned to more than
one branch and no branch is assigned more cadets than its capacity. When
assigning cadets to branches, it is important to follow the OML: A matching
is fair if a cadet never envies a lower-priority cadet. When there is a unique
priority ranking of agents, there is a perfect solution to a student placement
problem. Simply assign the slots at branches to cadets one at a time based on
their preferences, following their unique ranking: The cadet with the highest
priority receives his top choice, the next cadet receives his top choice among
the remaining choices, and so on. This direct mechanism is known as a simple
serial dictatorship, and it is the only mechanism that is fair and Pareto efficient
(Balinski and Sonmez (1999)). It also has several other plausible properties, in-
cluding strategy-proofness, and it was the mechanism of choice at USMA prior
to 2006.

2.1. The Model

Each USMA cadet is committed to serve in active military service for five
years upon completing his studies, although the Army naturally wishes them
to serve for longer periods. To encourage cadets to serve longer, the Army
changed the nature of the cadet-branch matching in 2006. Cadets are now
given an option to sign one or more branch-of-choice contracts, which increase
their priorities at branches of their choosing in exchange for three additional
years of active military service. A branch-of-choice contract does not guaran-
tee a cadet will receive a slot at a branch and nor does signing one necessarily
oblige him for the three additional years of service even if the cadet is assigned
a slot at the branch. Loosely speaking, the Army has changed the priorities
only for the last 25 percent of the slots at each branch and has given priority to
cadets who have committed for three additional years of service at these slots.
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A cadet who signed a branch-of-choice contract is obliged to serve the addi-
tional three years of service only if he receives a slot from the last 25 percent
of the capacity of a branch.

The addition of branch-of-choice contracts changes the structure of the
cadet-branch matching problem considerably. Most importantly, the outcome
of the problem is no longer merely an assignment of branches to cadets, but
rather an assignment of branches along with the terms of these assignments.
Cadets now have to evaluate branches together with their “cost” (in terms
of service years), and the above-mentioned fairness requirement needs to be
modified to take the branch-of-choice contracts into consideration. We are now
ready to formally introduce the problem.

A cadet-branch matching problem consists of
a finite set of cadets I = {i, i5, ..., i,},

a finite set of branches B = {b,, b, ..., b,,},

a vector of branch capacities g = (g)pep With ), g, > 1,

a pair of “terms” T = {¢, t,},

a list of cadet preferences P = (P;,,
a priority ranking 7:1 — {1, ..., n}.
Smce the problem is motivated by the apphcatlon at military academy, we refer
to ty as the base cost and ¢, as the increased cost. We assume that cadet prefer-
ences are strict and they are such that, for any cadet i/ and any pair of branches
b, b,

P,,...,P,)over BxT,and

B N N

(b, 1) P; (b, 1) < (b, 1) P; (b, 1,).

Hence cadet preferences over branches are independent of the service obliga-
tion, and thus each cadet has well-defined preferences over branches.!! Let >;
denote cadet preferences over branches alone. For any cadet i and any pair of
branches b, b’, we have

b>ib < (b,0) Pi(V, 1) = (b,1,) Pi (b, 1),

Let P denote the set of all preferences over B x T, and Q denote the set of all
preferences over B.

A contract x = (i,b,t) € I x B x T specifies a cadet i, a branch b, and the
terms of their match. Let X =1 x B x T be the set of all contracts. A branch-
of-choice contract x = (i, b, t) is a contract with increased cost ¢ = ¢, . Given a
contract x = (i, b, t), let x; = i denote the cadet, xz = b denote the branch,
and x; = t denote the terms of the contract x.

An allocation X' C X is a set of contracts such that each cadet appears in
only one contract and no branch appears in more contracts than its capacity.
Let X denote the set of all allocations.

'While this assumption is natural, it is not needed for our main results. It is assumed here
since it simplifies the interpretation of Army’s own mechanism.
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Given a cadet i € I and an allocation X’ C X with (i, b, t) € X', we refer
to the pair (b, t) as the assignment of cadet i under allocation X'. Cadet pref-
erences over allocations are induced by their assignments under these alloca-
tions. With a slight abuse of notation, we will use P; to denote cadet i’s prefer-
ences over B x T, as well as his preferences over X'.

For a given problem, an allocation X" is fair if, for any pairs of contracts
x,ye X',

(vB, yr) Py, (xp, x7) = 7(y1) < m(xy).

That is, a higher-priority cadet can never envy the assignment of a lower-
priority cadet under a fair allocation. Note that it is still possible for a higher-
priority cadet to envy the branch assigned to a lower-priority cadet under a fair
allocation if only the latter pays the price of a longer term.

A mechanism is a strategy space S; for each cadet i along with an outcome
function ¢ :(S; x S, x --- x §,) = X that selects an allocation for each strategy
vector (81, $2, -« -, 8,) € (81 x 8, x---xS,). Given a cadet i and a strategy profile
s € S, let s_; denote the strategy of all cadets except cadet i.

A direct mechanism is a mechanism where the strategy space is simply the
set of preferences P for each cadet i. Hence a direct mechanism is simply a
function ¢ : P" — X that selects an allocation for each preference profile.

3. MATCHING WITH CONTRACTS

The cadet-branch matching problem is a special case of the matching with
contracts model (Hatfield and Milgrom (2005)) that subsumes and unifies
the Gale and Shapley (1962) college admissions model and the Kelso and
Crawford (1982) labor market model, among others. In the original Hatfield—
Milgrom model, each branch (hospitals in their framework) has preferences
over sets of agent-cost pairs. These hospital preferences induce a chosen set
from each set of contracts, and it is this chosen set (rather than hospital pref-
erences) that is key in the model. In the present framework, branches are not
agents and they do not have preferences. However, branches have priorities
over cadet-cost pairs, and these priorities also induce chosen sets. This is the
sense in which the cadet-branch matching problem is a special case of match-
ing with contracts. We next present a few key concepts from matching with
contracts before we propose a mechanism for cadet-branch matching. Recall
that each cadet i has preferences P; over all branch-cost pairs. Equivalently,
each cadet i has strict preferences over all contracts that include him. Since no
cadet can be “forced” to pay the increased cost at USMA, the relevant con-
tracts with increased cost ¢, are those that are more preferred to at least one
contract with the base cost #,.

DEFINITION: A contract (i, b, t, ) is unacceptable for cadet i if (b/, ty) P; (b,
t,) forall ' e B.
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Given a set of contracts X', let the chosen set of cadet i from X', C;(X’), be
@ if all contracts in X' that include cadet i are unacceptable and the singleton
set consisting of the most preferred contract including cadet i in X’ under P;
otherwise. That is,

G(X)={G,b,t)eX : (b,t)P;(V,1)
for any (i, ', ) € X'\ {(i, b, ) }}

unless all contracts in X’ that include cadet i are unacceptable.

In general, the chosen set of branch b from a set of contacts X’ depends on
the policy on who has higher claims for slots in branch b. Here our focus is
the current USMA policy, where cadets with higher OML ranking have higher
claims for the top (1 — A)g, slots and the priority for the last Ag, slots is ad-
justed to favor cadets who are willing to pay the increased service cost.'”> We
are ready to define the USMA chosen set of branch b from a set of contracts X
For a given order-of-merit priority ranking 7 and A € [0, 1], order all contracts
in X’ based on the merit score of the cadet and construct USMA chosen set
Cy,(X") and the USMA rejected set R,(X') = X'\ Cp(X") as follows:

Phase 0: Remove all contracts that involve another branch 5" and add them
all to rejected set R,(X’). Hence each contract that survives Phase 0 involves
branch b.

Phase 1: For the first (1 — A)g, potential elements of C,(X"), simply choose
the contracts with highest-priority cadets one at a time. When two contracts of
the same cadet are available, choose the contract with the base cost ¢, and re-
ject the other one, including it in R,(X"). Continue until either all contracts are
considered or (1 — A)g, elements are chosen for C,(X"). If the former happens,
terminate the procedure, and if the latter happens, proceed with Phase 2.1.

Phase 2.1: For the last Ag, potential elements of C,(X"), we give priority to
contracts with increased cost .. Hence, in this phase, only consider branch-
of-choice contracts (i.e., contracts with increased cost ¢, ) and among them in-
clude in C,(X") the contracts with highest-priority cadets. If any cadet covered
in Phase 2.1 has two contracts in X', reject the contract with the base cost #y,
including it in R,(X"). Continue until either all branch-of-choice contracts are
considered in X’ or C,(X") fills all g, elements. For the latter case, reject all re-
maining contracts, including them in R,(X’) and terminate the procedure. For
the former case, terminate the procedure if all contracts in X’ are considered
and proceed with the Phase 2.2 otherwise.

Phase 2.2: By construction, all remaining contracts in X’ have the base
cost 4. Include in C,(X") the contracts with highest-priority cadets one at a
time until either all contracts in X’ are considered or C,(X’) fills all g, ele-
ments. Reject any remaining contracts, including them in R,(X").

2Throughout the paper, we assume that Ag, and (1 — A)g, as are integer values for any
branch b. This is for expositional simplicity and has no impact on the analysis. One can easily
use rounded values for the entire analysis.
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3.1. Stability

Since the seminal paper of Gale and Shapley (1962), a condition known as
stability has been central to the analysis of two-sided matching markets as well
as allocation of indivisible goods based on priorities."* Formally, an allocation
X' is stable if

L Uy GXH =X,

2. Upep Cp(X") = X', and

3. there exist no cadet i, branch b, and contract x = (i, b, t) € X \ X’ such
that

{x}=Ci(X'U{x}) and xeCy(X U{x}).

In the context of cadet-branch matching, the only plausible allocations are the
stable ones. Note that if the first requirement fails, then there is a cadet who
prefers to reject a contract that involves him (or equivalently, there is a cadet
who is given an unacceptable contract); if the second requirement fails, then
there exists a branch that would rather reject one of the contracts that includes
it; and if the third requirement fails, then there exists an unselected contract
(i, b, t) where not only cadet i prefers pair (b, ¢) to his assignment, but also
contract x has sufficiently high priority to be selected by branch b given its
composition.

3.2. Substitutes, Unilateral Substitutes, and the Law of Aggregate Demand

The following two properties of branch priorities have played an important
role in the analysis of matching with contracts:

DEFINITION: Priorities satisfy the law of aggregate demand for branch b fif,
for all X' ¢ X” C X, we have |C,(X")| < |Cp(X")].

That is, the size of the chosen set never shrinks as the set of contracts grows
under the law of aggregate demand.

LEMMA 1: The USMA priorities satisfy the law of aggregate demand for each
branch b.

DEFINITION: Elements of X are substitutes for branch b if, for all X' ¢ X" C
X,we have R,(X’) C R, (X").

13See Roth and Sotomayor (1990) and Sénmez and Unver (2011) for comprehensive surveys
on the role of stability in two-sided matching markets and allocation of indivisible goods based
on priorities.



460 T. SONMEZ AND T. B. SWITZER

That is, contracts are substitutes if a contract that is chosen from a larger set
X" is chosen from any of its subsets X’ C X" as well. Equivalently, any contract
that is rejected from a smaller set X' is also rejected from any larger set X” that
contains X'. If elements of X are substitutes, then the set of stable allocations
is nonempty (Hatfield and Milgrom (2005)).**> The following example shows
that contracts are not necessarily substitutes under the USMA priorities.

EXAMPLE 1: Let I = {iy, i,}, B = {b,} with g,, = 2. Let the merit ranking 7
order cadets as i;, i, and A =0.5. Let X' = {(i3, by, ty), (i, b1, t,)} and X" =
{(i1, b1, 1), (&2, by, 1), (i, by, 1)} We have Gy (X') = {(ia, by, 1)}, Ry (X') =
{(i2, b1, 1)}, G (X") = {(i1, by, 1) (iz, by, £1)}, and R, (X") = {(i2, by, 1)}
Hence, even though contract (i,, by, t,) is not rejected from X", it is rejected
from X' Cc X".

Consider two contracts (i, b, ty), (i, b, t,) including the same cadet: Under
the USMA chosen set C,, contract (i, b, fy) might be rejected at the expense
of (i, b, t,) from a larger set X", while the choice is reversed for a subset X"
of X”. That is the only reason why a contract can be rejected from a smaller
set despite being chosen from a larger one.'® Therefore, the USMA chosen set
C, satisfies the following weaker condition, introduced by Hatfield and Kojima
(2010):

DEFINITION: Elements of X are unilateral substitutes for branch b if, when-
ever a contract x = (i, b, t) is rejected from a smaller set X’ where x is the only
contract in X' that includes cadet i, contract x is also rejected from a larger set
X" that includes X'.

4 Aygiin and Sonmez (2012a) showed that the analysis of Hatfield and Milgrom (2005) implic-
itly assumes the following irrelevance of rejected contracts (IRC) condition:

VbeB,VX CX,Vxe X\ X x¢GC(X U{x})= C(X')=Cp(X U{x}).

This condition is satisfied in most economic environments, including the present one.

5The substitutes condition has been very “handy” in analysis of matching with contracts:
Fixed-point techniques in lattice theory have strong implications under this condition. Most no-
tably, the deferred acceptance algorithm becomes an application of Tarski’s fixed-point theorem
(Tarski (1955)) under the substitutes condition. Hatfield and Milgrom (2005) built their model
around this condition, and it is assumed in much of the subsequent literature as well. Early pa-
pers that relate the deferred acceptance algorithm to fixed-point techniques in lattice theory are
Adachi (2000), Fleiner (2003), and Echenique and Oviedo (2004).

160bserve that competition for the first (1 — A)g; slots at branch b is by merit ranking only,
whereas competition for the last Ag, slots is first by willingness to serve and then by the merit
ranking. Hence competition from other cadets gets weaker for both types of slots under the
smaller set of contracts X'. Therefore, if a contract (i, b, t) is selected from a set of contracts
X" but not from a strict subset X’, it must be rejected due to choice of an alternative contract of
cadet i (that fails to be chosen under the more competitive set of contracts X”).
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Note that the emphasized part of the definition is what differentiates uni-
lateral substitutes condition from substitutes, and since any “reversal” in the
choice of two contracts involves the same cadet, the USMA priorities satisfy
the unilateral substitutes condition. It turns out that this will be key in the con-
text of cadet-branch matching.

LEMMA 2: Elements of X are unilateral substitutes for each branch b under
the USMA priorities.

3.3. Cumulative Offer Algorithm and the Cadet-Optimal Stable Mechanism

We are ready to introduce the cadet-optimal stable mechanism (COSM),
which is simply the extension of the celebrated agent-optimal stable mechanism
(Gale and Shapley (1962)) to matching with contracts:

The strategy space of each cadet is P under the COSM, and hence it is a
direct mechanism. Given a preference profile P € P, the following algorithm
can be used to find the outcome of COSM.

CUMULATIVE OFFER ALGORITHM: 7

Step 1: Start the offer process with the highest-merit-score cadet 7 (1) =
i(1). Cadet i(1) offers his first-choice contract x; = (i(1), b(1), t) to branch
b(1) that is involved in this contract. Branch b(1) holds the contract if x; €
Cpy({x1}) and rejects it otherwise. Let 4,4,(1) = {x;} and A4,(1) = @ for all
be B\ {b(1)}.

Step 2: Let i(2) be the highest-merit-score cadet for whom no contract is
currently held by any branch. Cadet i(2) offers his most-preferred contract
x, = (i(2), b(2), t) that has not been rejected in the previous step to branch
b(2). Branch b(2) holds the contract if x, € Cp)(Apny(1) U {x,}) and rejects
it otherwise. Let A, (2) = Apo) (1) U {x,} and A,(2) = A,(1) for all b € B\
{b(2)}.

In general, at

Step k: Let i(k) be the highest-merit-score cadet for whom no contract is
currently held by any branch. Cadet i(k) offers his most-preferred contract
x, = (i(k), b(k), t) that has not been rejected in previous steps to branch b(k).
Branch b(k) holds the contract if x; € Cpy(Apuy (kK — 1) U {x4}) and rejects it
otherwise. Let A,y (k) = Apuy(k — 1) U {x,} and A4,(k) = Ap(k — 1) for all
be B\ {b(k—1)}.

The algorithm terminates when all cadets have an offer that is on hold by a
branch. Since there are a finite number of contracts, the algorithm terminates
after a finite number T of steps. All contracts held at this final Step T are
finalized and the final allocation is | J,_; C,(A,(T)).

7The following description is borrowed mostly from Hatfield and Kojima (2010).
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REMARK 1: While the choice of the cadet making the offer at any given
step is uniquely defined in the above-described cumulative offer algorithm, the
same outcome is obtained regardless of the choice of cadet as long as there
is no contract held by any branch that involves the cadet making the offer.
Indeed, Hatfield and Kojima (2010) described the algorithm without explicitly
specifying the order of agents making offers.

Given a preference profile P € P and order-of-merit list 7, let ¢%5(P) de-
note the outcome of the (Gale-Shapley) COSM. Whenever 7 is fixed through-
out an analysis, we will suppress it and denote the outcome as ¢°5(P).

The first result we present justifies the name of the COSM.

PROPOSITION 1: The cumulative offer algorithm produces a stable allocation
under the USMA branch priorities. Moreover, this allocation is weakly preferred
by any cadet to any stable allocation.

DEFINITION: A mechanism is stable if it always chooses a stable allocation.
Similarly, a mechanism is fair if it always chooses a fair allocation.

Given Proposition 1, it is tempting to conclude that the fairness of the COSM
immediately follows as a corollary. However, stability (even under USMA pri-
orities) does not imply fairness in our current setup. Note that we have not
assumed that a cadet necessarily prefers a pair (b, #) to pair (b, ¢, ). While this
assumption is very natural, our entire analysis is valid even in its absence. And
there may be cadets who might prefer a longer-term commitment for various
reasons. That is one reason why a stable allocation might not be fair.

EXAMPLE 2: There are two cadets i;, i, one branch b; with two slots, and
A =0.5. Cadet i; has higher priority than cadet i,, and their preferences are as
follows:

(b1, ) Py (bi,ty) and (b, ty) Pi, (by, ty).

Consider the allocation X’ = {(iy, by, ty), (i», b», t,)}. Because of his unusual
preferences, the higher-priority cadet i; envies the assignment of the lower-
priority cadet i,. Therefore, X’ is not fair. Nevertheless, X’ is stable because
branch b gives priority to contract (i1, by, t)) over contract (i, by, t,) for the
first slot.

We next show that the COSM is fair, even though not all stable mechanisms
need to be fair, as Example 2 shows.

PROPOSITION 2: The cadet-optimal stable mechanism is fair under USMA
branch priorities.
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One of the remarkable properties of the COSM is that it is always in cadets’
best interests to be entirely truthful about their preferences. Hence, cadets can
never benefit from “gaming” this mechanism.

DEFINITION: A direct mechanism ¢ is strategy-proof if
fiel, P.,eP"", P,P.€P suchthat o(P,,P_)P; ¢(P).

That is, no matter which cadet we consider, no matter what his true prefer-
ences P; are, no matter what other preferences P_; other cadets report (true or
not), and no matter which potential “misrepresentation” P; cadet i considers,
truthful preference revelation is in his best interests.

Indeed, COSM satisfies even the following stronger incentive-compatibility
requirement that rules out not only unilateral deviations but also group devia-
tions.

DEFINITION: A direct mechanism ¢ is group strategy-proof if

drci, Py eP™V, P, P, eP such that
QD(P},P]\])PZQD(P) forallieJ.

PROPOSITION 3: The cadet-optimal stable mechanism is group strategy-proof
under USMA branch priorities.

REMARK 2: We rely on the unilateral substitutes condition to prove Propo-
sitions 1 and 3. An alternative path is to show that USMA priorities are substi-
tutable completable, a condition recently introduced by Hatfield and Kominers
(2011), and to use Lemma 16, and Theorems 17 and 18 in their paper.

The group strategy-proofness condition considered above is the milder of
two such conditions studied in the literature. In addition to deviations con-
sidered under the milder version, the stronger one also considers group de-
viations that might leave some members of the deviating coalition indifferent
while strictly benefiting the rest. It is well known that the agent-optimal stable
mechanism does not satisfy this more demanding version even though the se-
rial dictatorship does. Since the priority ranking is uniform across all branches
under the COSM, it is natural to ask whether it satisfies the stronger version of
group strategy-proofness. The following example answers this question in the
negative.

EXAMPLE 3: There are three cadets iy, i, i and two branches b;, b, with
two slots each. Cadets are ordered as iy, i,, i3 under the order-of-merit list 7



464 T. SONMEZ AND T. B. SWITZER

and A = 0.5. Cadet preferences (P, , P;,, P;,) are as follows:

0
P (b, 1) Py (by, 1),

P,: (by, 1) Py, (by,ty) Py, (b, 1),
Pi;: (b, 1) Py, (b, t1) Py (by, 1y).

e
3

The outcome of the COSM under the preference profile P is

¢GS(P) = {(ils bla t0)7 (i27 bl’ t+)7 (l39 b2’ t())}'

P

Next consider the preference profile P, where P; = P, P; .., and

i1 in =
P (b1, 1) P (ba, 1y).

The outcome of the COSM under the preference profile P’ is
QDGS(P/) = {(ila bl7 tO)) (i2’ b1> t0)7 (i3a b27 t(])}

Hence cadet i, strictly benefits from this collective deviation while cadets i, i3
remain indifferent.'s

One of the most important parameters of the cadet-branch matching prob-
lem is the order-of-merit list 7. And clearly, a reasonable mechanism would
never penalize a cadet as a result of an improvement of his standing in the
order-of-merit list. Given two order-of-merit lists 7, m,, we say that 7 is an
unambiguous improvement for cadet i over 1, if

1. the relative ranking between all cadets except cadet i remains exactly the
same between 7; and 1, although

2. the standing of cadet i is strictly better under 7r; than under .

DEFINITION: A mechanism respects improvements if a cadet never receives
a strictly worse assignment as a result of an unambiguous improvement of his
priority ranking."

PROPOSITION 4: The cadet-optimal stable mechanism respects improvements
under USMA branch priorities.

18This example also shows that a cadet can change another cadet’s assignment without chang-
ing his own under the COSM. The absence of this failure is known as non-bossiness in the
literature (Satterthwaite and Sonnenschein (1981)). Barbera and Jackson (1995) showed that
strategy-proofness plus non-bossiness imply coalitional strategy-proofness. Our example shows
that the converse relation fails to hold since COSM satisfies group strategy-proofness but fails
non-bossiness.

YThis property was first formulated by Balinski and Sénmez (1999).
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We have shown that COSM is an excellent candidate to implement Army’s
Branch-of-Choice incentive program. We next present and analyze the mech-
anism currently used by the USMA, and compare and contrast it with the
COSM.

4. THE USMA MECHANISM

In contrast to COSM, the current mechanism of the USMA is not a direct
mechanism. Under this mechanism, the strategy space of each cadet is Q x 25.
That is, each cadet is asked to choose

1. aranking of branches alone, and

2. a number of branches (possibly none) for which the cadet is asked to sign

a branch-of-choice contract.
Let (!, B;) be the strategy choice of cadet i under the USMA mechanism for
a given problem. Here >/ is the reported preferences of cadet i over branches
and B; is the set of branches for which cadet i has signed a branch-of-choice
contract. The branch-of-choices chosen by cadet i indicates that cadet i is will-
ing to pay the increased cost of ¢, for each branch for which he signs a branch-
of-choice contract in exchange for favorable treatment for the last 25 percent
of the slots. The cadet will need to pay the increased cost only if he receives
one of the last 25 percent of the slots for which he is favored.

Under the USMA mechanism, cadets who sign a branch-of-choice contract
for branch b receive higher priority for the last A fraction of slots at branch b
(where A =0.25 at the USMA). Hence, while the priority for the first (1—A)g,
slots is strictly based on the merit ranking 7, the adjusted priority ranking ;"
for the last Ag, slots is constructed in the following natural way:

o (i) <} (j) for any two cadets i, j such that b € B; and b ¢ B;,

o /(i) < m;(j) for any two cadets i, j such that (i) < w(j), b € B; and
b e B,

o m/ (i) < m/(j) for any two cadets i, j such that 7 (i) < m(j), b ¢ B, and

b¢B,.
So the relative priority of two cadets does not change under 7; unless one of
the cadets has signed a branch-of-choice contract for branch b while the other
has not. For any two such cadets, the cadet who has signed a branch-of-choice
contract has higher priority under 7, than the one who has not signed one for
the last Ag, slots at branch b.

We are ready to describe the algorithm USMA uses to assign branch-price
pairs to cadets given their strategy choices (>}, B;);c;. For any branch b, we
construct the adjusted priorities ;" as described above.

THE USMA ALGORITHM:

Step 1: Each cadet i applies to his top-choice branch under his submitted
preferences >;. Each branch b tentatively accepts the top (1 — A)g, candidates
based on the merit ranking 7. Among the remaining applicants, it tentatively
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accepts the top Ag, candidates based on the adjusted priorities ;. Any re-
maining applicants are rejected.

Step 2: Each cadet i who is rejected at Step 1 applies to his next-choice
branch under his submitted preferences >/. For the first (1 — A)g, slots, each
branch b reviews the new applicants along with those held from Step 1, and
tentatively accepts the top (1 — A)g, based on the merit ranking 7. For the last
Aqy slots, branch b considers all remaining applicants except those already re-
jected by branch b at Step 1 and tentatively accepts the top Ag, of them based
on the adjusted priorities 7, .** Any remaining applicants are rejected.

In general, at

Step k: Each cadet i who is rejected at Step (k — 1) applies to his next-choice
branch under his submitted preferences >'. For the first (1 — A)g, slots, each
branch b reviews the new applicants along with those held from Step (k — 1),
and tentatively accepts the top (1 — A)g, based on the merit ranking 7. For the
last Ag, slots, branch b considers all remaining applicants except those already
rejected in earlier steps, and tentatively accepts the top Ag, of them based on
the adjusted priorities 7, . Any remaining applicants are rejected.

The algorithm terminates when no applicant is rejected. All tentative assign-
ments are finalized at that point. For any branch b,

1. any cadet who is assigned one of the top (1 — A)g, slots by the algorithm
is charged the lower cost £,

2. any cadet who is assigned one of the last Ag, slots is charged the higher
cost ¢, if he has signed a branch-of-choice contract for branch b, and

3. any cadet who is assigned one of the last Ag, slots is charged the lower
cost fy if he has not signed a branch-of-choice contract for branch b.

Given a strategy profile s = (>/, B;),; and an order-of-merit list m, let
" (s) denote the outcome of the USMA mechanism. Whenever the order-
of-merit list 7 is fixed throughout an analysis, we will suppress 7 and denote
the outcome as ¢V (s).

The USMA algorithm reduces to the simple serial dictatorship induced by
merit ranking 7 when A = 0. For the case of A =0, the USMA algorithm can
also be interpreted as a special case of the agent-proposing deferred acceptance
algorithm (Gale and Shapley (1962)), which allows for a different priority rank-
ing at each branch. Both of these mechanisms are very well behaved: Not only
do they always result in a fair allocation, but truthful-preference revelation is a
dominant strategy for all cadets under either mechanism.

The analysis of the USMA mechanism for A > 0 is somewhat more delicate.
That is because not only may truthful-preference revelation be suboptimal un-
der the USMA mechanism, but also the optimal choice of branch-of-choice

2Observe that a cadet can be tentatively accepted for a branch b for the first (1 — A)g, slots
in Step 1 but not in Step 2, although he might potentially be tentatively accepted for the last Ag,,
slots in Step 2.
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contracts is a challenging task. We next present the case against the USMA
mechanism.

4.1. The Case Against the USMA Mechanism

Analyzing the COSM is rather easy; not only is it a direct mechanism, it is
also strategy-proof, so there is good reason to believe that submitted cadet
preferences are truthful. Indeed, vulnerability of school choice mechanisms
to preference manipulation has been the main driving force behind the re-
cent school choice reforms in Boston, Chicago, and throughout England. (See
Abdulkadiroglu and S6nmez (2003), Abdulkadiroglu, Pathak, Roth, and Son-
mez (2005), Kesten (2010), Pathak and S6nmez (2008, 2011).)

The USMA mechanism, on the other hand, is not a direct mechanism. Un-
der the USMA mechanism, each cadet submits his preferences over individual
branches, and by signing branch-of-choice contracts, he indicates for which of
these branches he is willing to pay the additional cost of ¢, for an increased pri-
ority at the last 25 percent of the slots. Since the USMA mechanism is based
on a strategy-proof mechanism, it is natural to ask whether truthful-preference
revelation over branches is still in the best interests of the cadets.?! As we show
in the next example, this may no longer be the case.

EXAMPLE 4—There May Not Be a Weakly Dominant Strategy That Elic-
its Branch Preferences Truthfully Under the USMA Mechanism: There are
three cadets iy, i,, i3 and three branches b, b,, b; with one slot each. Cadets
are ordered as iy, i, i3 under the order-of-merit list 7~ and A = 1, so any cadet
who has signed a branch-of-choice contract is given priority at the associated
branch. Suppose that the true preferences of cadet i; over branch-price pairs
are as follows:

(b1, ty) Py, (b, 1) Piy (b, 1) Py (ba, 1) Py (b3, 1y).

Clearly, the truthful branch preferences >;, for cadet i3 are such that b, >,
b, >;, bs. We show that no truthful strategy s;, = (>;,, B;;) weakly dominates
all other strategies. We have two cases to consider:

Case 1: b, € B;,.

Consider the following strategies of cadets i; and i,:

§i1 = (;ip Eil) Wlth bl ;il b3 ;il b2 and Bil = (J,

5, = (5ay, Biz) with by >, b3 >;, b, and Biz =.

2 Recall that branch preferences are well defined since we assumed they are independent of
service obligation. Hence truthful branch-preference revelation is well defined in the present
context even though the USMA mechanism is not a direct mechanism.
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Since cadet i3 is the only cadet who has signed a branch-of-choice contract
for his first choice branch by, his outcome is (by, ¢, ) under the strategy profile
(Si,, 8i,, 8iy). Next, consider the following nontruthful strategy for cadet i:
S;} = (>;3, B:3) with b2 >;—3 b1 >;-3 b3 and B; = {bl}

The outcome of cadet i3 is (b, ) under the strategy profile (5;,, $;,, s;3 ). Since
(ba, ty) Py, (by, t}), any truthful strategy with b, € B;, will not obtain the best
attainable outcome for cadet i; when the other cadets report (5;,, 55, ).

Case 2: b, ¢ B;,.

Consider the following strategies of cadets i; and i,:

3',‘1 = (;il , Bil) with b2 ;il bl ;i] b3 and Bil = @,

3‘,‘2 :(;Q’Biz) with b1 ;[2 bz ;iz b3 and B,‘z =®,
and the following nontruthful strategy for cadet i;:

S;3 = (>;%, B:g) with b2 >;~3 b1 >;? b3 and B;; = {bl}

The outcome of cadet i; is (by, t,) under the strategy profile (5, §;,, sl’.3).
Next, observe that cadet i; cannot receive a slot at branch b; without signing
a branch-of-choice contract for this branch, a possibility that is ruled out in
Case 2, since branch b, is the first choice of the higher-priority cadet i, under
=i,. Similarly, cadet i; cannot receive a slot at branch b, without signing a
branch-of-choice contract for this branch, since branch b, is the first choice of
the higher-priority cadet i; under =, . Therefore the best possible outcome for
cadet i; under any truthful strategy with b, ¢ B, is (b,, t,), and hence no such

strategy will obtain the best attainable outcome for cadet i; when the other
cadets report (5;,, §;,).

Example 4 shows that one cannot assume that submitted branch preferences
are necessarily truthful under the USMA mechanism. This makes analysis of
the USMA mechanism more challenging than the COSM. For the rest of this
section, we consider the Nash equilibrium outcomes of the USMA mechanism.

DEFINITION: Given a mechanism (S, ¢), the strategy profile s € S is a Nash
equilibrium if ¢(s) R; ¢(s_;, ;) for any cadet i and any alternative strategy s; €
S; cadet i can choose.

We next show that the USMA mechanism can be interpreted as an “approx-
imation” of the COSM. Fix a cadet-branch problem and let s; = (>}, B;) be the
strategy choice of cadet i under the USMA mechanism. Construct the proxy-
preference relation P = P;(>!, B;) as follows:
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1. b>/b'= (b, ) P} (b, t) for any pair of branches b, b’ € B,

2. (b, ty) P (b, t;) for any branch b € B;, and moreover there exists no
branch b’ € B with (b, t)) P} (b, t)) P} (b, t,), and

3. (b, 1) P (b, t,) forany be Band b’ ¢ B,.

In other words, the proxy-preference relation P} extends cadet i’s submitted
preferences >; over branches to branch-price pairs by simply inserting the
(b, t;) option right after (b, ;) for each branch b for which cadet i has signed
a branch-of-choice contract.

Given a cadet-branch matching problem, let s be a Nash equilibrium strat-
egy profile under the USMA mechanism and P* be the proxy preferences as
described above. The equilibrium outcome ¢%“*(s) is equal to the outcome of
the COSM under the proxy-preference profile P*.

PROPOSITION 5: Let s = (>;, B,):er be a Nash equilibrium strategy profile un-
der the USMA mechanism and P* = (P;(>;, B;));c; be the resulting proxy prefer-
ences as defined above. Then we have ¢™*(s) = @55 (P).

REMARK 3: The above equivalence does not hold at a non-equilibrium strat-
egy profile of the USMA mechanism. Any cadet who signs a branch-of-choice
contract for his branch assignment b pays the increased cost ¢, under the
USMA mechanism as long as he receives one of the last Ag, slots. That is not
the case under the COSM even with the proxy preferences described above.

We next show that, while the USMA mechanism can be interpreted as an
approximation of COSM, its outcome can be quite troubling even at equilib-
rium.

EXAMPLE 5—Equilibrium Outcome of the USMA Mechanism Can Be Un-
stable, Unfair, and Pareto Inferior to the Outcome of the COSM: There
are four cadets i, i», i3, i, and four branches b, b,, b3, b, with one slot each.
Cadets are ordered as iy, i,, i3, iy under the order-of-merit list 77 and A =1, so
any cadet who has signed a branch-of-choice contract is given priority at each

branch. Cadet preferences (P, P;,, P;,, P;,) are as follows:

27 32

Py (b, 1) Py (by, o) Py, (b1, 8,) Py (b3, 8y) -+ -,
P,: (b, 1) Py, (b, t) P, (b, ty) Py, (by, t1) Py, (s, 1)
Pi, (by, t1) Py, (b3, ) Pi, (b3, 1),
Pi: (b, 1) Py (b3, ty) Py, (b1, t,) Py, (by, 1) Py (b3, 1)
P, (by, 1) Py, (by, ty) Py, (bs, t,),
(bs, ty) Py, (b, 1) Py, (by, 1) Py, (o, 1) .

e

P,"

4"
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Consider the following strategy profile (s;,, s;,, Si,, 5;,) under the USMA mech-
anism:

iy = (>4, B;y) with by >; b, >; by >; by and B; ={b,},
i, = (>4, B;,) with by >; b, >, by>; bs and B, = {b,},
Siy = (>iy, Biy)  with by >, by >;, b, >, by and B;, = {b,},
si, = (>4, B;,) with by>; b, >; by >, by and B, = {b,}.

The outcome of the USMA mechanism is
¢WP(S) = {(ila b1> tJr)’ (i2, b2> t())a (i37 b3’ tﬂ)a (i4’ b4> tO)}

CLAIM: Strategy profile (s;,, Si,, Si,, Si,) is a Nash equilibrium.

i

PROOF: Clearly, cadet i,, having received his top choice (b4, ), cannot have
a profitable deviation. Moreover, since the highest-priority cadet i; not only
ranks branch b; as his first choice but also signs a branch-of-choice contract
for branch b, under s;,, he will receive the only slot at branch b, no matter
what other cadets do. Once branch b, is out of their reach, cadets i, and i;
are each receiving their top choices among the remaining choices. Hence they
cannot have a profitable deviation either.

Finally, consider cadet i; who receives his third choice (b4, ¢, ). Observe that
he cannot receive his top choice (b4, fy) since cadet i3 not only ranks branch
by as his first choice but also signs a branch-of-choice contract for branch b,
under s;,. Cadet i; cannot receive his second choice (b,, #)) either. Suppose he
did. Then since cadet i, ranks branch b, as his second choice while at the same
time signing a branch-of-choice contract for b, under s;,, he would need to be
assigned a seat at his top-choice branch b,. But with no slots left at branches
b,, by, and having signed a branch-of-choice contract for b, under s,,, cadet i,
would need to be assigned a slot at branch b;. That leaves only branch b; for
cadet i;. But this is not possible, since cadet i3 not only ranks branch b, as his
first choice but also signs a branch-of-choice contract for it under s;,, leading to
the desired contradiction. Hence, cadet i; does not have a profitable deviation
either. QE.D.

We next have several observations about the equilibrium outcome ¢%“*(s):

1. ¢“?(s) is not fair. Even though cadet i; is the highest-priority cadet, he
envies the assignment (b,, #)) of cadet i,. This situation happened because the
USMA mechanism implicitly assumed that cadet i; prefers (b, £, ) to (by, f)
simply because cadet i; signed a branch-of-choice contract for branch b,. What
is more striking is that cadet #; has not made a mistake in his choice of strategy.
Since s is a Nash equilibrium outcome, there is simply nothing he can do.



MATCHING WITH CONTRACTS AT THE U.S. MILITARY ACADEMY 471

2. ¢WP(s) is not stable. Cadet i, branch b,, and contract (i, b,, #,) is such
that

{(i1, b2, 1)} = Ci (@™ () U{ (i1, b2, 19)})  and
(i1, b2, 1) € Gy (@™ () U { (i1, b2, 1) }).

3. The equilibrium outcome ¢%¥(s) is inefficient in a very strong sense. Not
only it is Pareto dominated by the outcome of the COSM

QDGS(P) = {(ila bZ’ t0)7 (i2’ b]a t+)7 (i3’ b3’ tO), (i4a b47 tO)}?

the two outcomes raise the exact same additional man-years for the Army.
So even when the Army’s welfare is taken into consideration, the equilibrium
outcome ¢"“F(s) is very implausible.

In our next example, we show that a cadet might suffer from an improvement
in his order-of-merit list standing at equilibria of the USMA mechanism. This
example is a slight modification of Example 5.

EXAMPLE 6—Equilibrium Outcome of the USMA Mechanism May Not
Respect Improvements: There are four cadets iy, i, i3, iy and four branches
bi, b,, bs, b, with one slot each. Cadets are ordered as iy, i,, i3, iy under the
order-of-merit list 7 and A = 1, so any cadet who has signed a branch- of-
choice contract is given priority at each branch. Cadet preferences (P;, P;

P;,, P;,) are as follows:

29

P;: (by, 1) Py, (by, ty) Py, (by, 1) Py, (b3, 1) -+,
Pi,: (b1, 1) Py, (b1, 1) Py, (b2, 1) Py, (by, £1) Py, (by, fo)
P, (by, ) P, (b3, ty) P, (b3, 1),
Pi: (b1, to) Piy (b3, ty) Py (b1, ty) Py (by, to) Piy (b3, £})
P, (by, 1) Py (by, ty) Py, (bs, t,),
P,: (bs, t9) P, (by, o) Py, (bs, 1) Py, (Do, t4) -+

Consider the following strategy profile (s;,, s;,, si,, 5;,) under the USMA mech-
anism:

iy = (>, B) with by >; by >; by >; b, and B; = {b,},
Si, = (>ip, Bi)  with by >, by >, by >;, b3 and B;, = {by, bu},
Siy = (>iy, Biy) with by >, by >;, by =, by and B;, = {by},
Si, = (>, B;,) with by >, b, >;, by >, by and B;, = {b,}.
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Just as in the case of Example 5, the strategy profile s is a Nash equilibrium?
and the outcome of the USMA mechanism is

@XP(S) = {(iu by, t,), (iz, by, 1o), (i3, b3, 1), (is, ba, to)}'

Next, consider a slightly different scenario where cadets are ordered as
iy, i1, I3, iy under a different order-of-merit list 7r,. It is easy to verify that the
strategy profile s remains a Nash equlibrium under this change, while its equi-
librium outcome changes:

@ (8) ={(i1, ba, to), (i, by, 1), (i, b3, 1), (i, ba, 1) }.

Hence, the assignment of cadet i; improves as a result of a worse order-of-
merit ranking 7, showing that the USMA mechanism may penalize cadets as
a result of improved order-of-merit list standing.

So why is it that the USMA mechanism can result in such undesired out-
comes, even at equilibria, although it can be interpreted as an approximation
of the COSM? After all, not only are both mechanisms extensions of the cele-
brated Gale-Shapley agent-optimal stable mechanism, but they both use pre-
cisely the same branch priorities. The reason is that whereas the COSM is a
direct preference revelation mechanism that maintains all desired properties
of its predecessor, the USMA mechanism is an indirect mechanism that ar-
guably uses a somewhat simpler strategy space but, as a result, needs to rely on
proxy preferences. And these proxy preferences might be a very rough approx-
imation of true preferences.

In addition to difficulties that arise because of the difference between proxy
preferences and true preferences, the outcome of the USMA mechanism is
likely to suffer from further issues when an equilibrium outcome cannot be
reached. For example, a cadet might “overpay” for his assigned branch, pay-
ing the increased cost of ¢, even though there are lower-priority cadets who
receive the same branch at the base cost of #. Such out-of-equilibrium out-
comes decrease cadet satisfaction even though they may potentially increase
the man-year gains by the Army.

So far, we have not compared the two mechanisms from the Army’s perspec-
tive. In the next section, we argue that, while the adoption of the COSM may
potentially reduce the number of man-years gained via the mechanism for a
given A, it is in all parties’ best interests to modify the man-years gained by
adjusting this parameter under the COSM.

22The only difference with Example 5 is that cadet i, signs two branch-of-choice contracts for
by, by under s;,, rather than only for b;.
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4.2. The Impact of Mechanism Choice on the Welfare of the Army

So far, we have analyzed the cadet-branch matching problem almost entirely
from the perspective of the cadets. Clearly, the social planner of this problem,
namely the Army, also cares about the outcome of this problem. The objective
function of the Army in this context might be quite complex, but it is safe to
assume that it likely depends on at least three factors:

Cadet welfare: Clearly the Army’s welfare is paternalistic and it increases in
cadet welfare. After all, the Army has replaced its old mechanism as part of
three incentive packages that it refers to as the Officer Career Satisfaction Pro-
gram. The COSM is an unambiguous winner based on this factor. It increases
cadet welfare not only via a more favorable outcome, but also via entirely re-
moving the need for gaming the system and thus simplifying the decision pro-
cess. Moreover, all coordination failures resulting in potential efficiency loss,
as well as suboptimal strategy choices resulting in unfair outcomes, are entirely
eliminated, further increasing cadet satisfaction under the COSM. Simply put,
the COSM fits perfectly with the spirit of the Officer Career Satisfaction Pro-
gram.

Respecting order-of-merit list standings to a large degree: Under the USMA
mechanism, cadets can influence priorities for only the last 25 percent of slots
at each branch. This can be interpreted as an evidence of the Army’s desire to
use a mechanism that is highly responsive to the order-of-merit list. While both
mechanisms use the exact same branch priority structure, we have shown that
the USMA mechanism may result in unfair outcomes at equilibrium. There-
fore, COSM is a winner based on this factor as well.

Number of man-years gained via the mechanism: Since the proxy preferences
constructed by the USMA mechanism are only a rough approximation of the
true preferences, it is difficult to compare the outcomes of the two mecha-
nisms based on this factor. However, for overdemanded branches, all of the
last 25 percent of slots will be assigned to cadets at the increased cost of #,.
There may be cadets who overpay for their assignment at out-of-equilibrium
outcomes of the USMA mechanism. Such cadet mistakes make up one reason
why the USMA mechanism might result in more cadets paying the increased
cost ¢, than under the COSM. In 2010, out of 1039 cadets, 215 were assigned
their branch at the increased cost #,. Among them, only 25 cadets overpaid
for their assignment. Assuming that the proxy preferences are truthful, there
would have been 190 cadets who would be charged the increased cost ¢, under
the COSM. We would like to emphasize that this is a worst-case scenario for
the COSM since cadets are likely to sign significantly more branch-of-choice
contracts under the COSM.* Even if there is a slight reduction in the number
of cadets receiving their assignments at the increased cost ¢, under COSM, a

2 A natural way to enforce the outcome of the COSM would be requiring cadets to (literally)
sign a branch-of-choice contract, for any branch b where the expensive option is more desirable
than the cheap option of the least desirable branch based on submitted preferences. Since COSM
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better way to increase the man-years gained by the Army is to slightly increase
the parameter A.

The Potential Role of Strategy-Proofness in Army’s Diversity Objectives

Access to true cadet preferences is important for the Army for various rea-
sons. An obvious use of such data is calibration of the parameters of its match-
ing mechanism to optimize the impact of the branch-of-choice incentive pro-
gram. There are also less visible benefits that may be equally important. We
illustrate one of these potential benefits in the remainder of this section.

While the enlisted ranks of the U.S. military exhibit a high level of demo-
graphic diversity, the leadership of the military has remained demographically
homogeneous. In 2006, while 31 percent of the enlisted ranks of the military
were African American or Hispanic, only about 16 percent of all officers were
African American or Hispanic, and only 5 percent of all Generals were African
American or Hispanic (Lim, Marquis, Hall, Schulker, and Zhuo (2009)). This
is cause for concern, since diversity is highly valued in the military. In a recent
Rand Corporation report prepared for the Office of the Secretary of Defense,
Lim et al. (2009) concluded that the relative scarcity of minorities in Combat
Arms branches of the Army is a potential barrier to improving demographic
diversity in the senior officer ranks. In 2006, 80 percent of all Generals were
from combat arm branches. Using 2007 Army ROTC data, Lim et al. (2009)
showed that while 58 percent of white cadets’ submitted first choices were in
Combat Arms, only 31 percent of African American cadets’ first choices were
in Combat Arms.** They also reported that minorities tend to rank lower on
order-of-merit score and concluded that these numbers may not truly reflect
a lack of interest in minorities for Combat Arms. The following quote is bor-
rowed from Lim et al. (2009):

In this exploratory study, we have demonstrated that it is critical for the Army to increase
minority representation in key career fields to improve the racial and ethnic diversity of
its top military officers. But we also contend that there is a strong need for a more in-
depth analysis of the Army branching process. If, as our study suggests, minorities are

is strategy-proof, it is optimal for each cadet to sign a branch-of-choice contract for any branch
where the expensive option is more desirable than the cheap option of the least desirable branch.
Observe that, in contrast to the USMA mechanism, the role of branch-of-choice contracts is
slightly different under the COSM. Under the USMA mechanism, these contracts are both part of
cadet strategies as well as a commitment device to ensure its implementation. Under the COSM,
it is merely a commitment device since submitted preferences over branch-cost pairs implicitly
define the branch-of-choice contracts the cadets shall sign.

%In addition to the USMA, the U.S. Army accesses officers through two other programs:
Reserve Officer Training Corps (ROTC) and Officer Candidate School (OCS). The USMA is the
“flagship” institution of the U.S. Army, and a disproportionate number of its graduates go on to
become Colonels and Generals. ROTC, on the other hand, is the “workhorse” of the U.S. Army,
producing over twice as many officers as the USMA. As in the case of the USMA mechanism,
the ROTC mechanism is also vulnerable to preference manipulation. See Sénmez (2011) for an
analysis of the ROTC mechanism.
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indeed self-selecting into career fields with relatively limited promotion opportunities, why
are they doing so? On the one hand, minority cadets could truly prefer different career
fields than white cadets. In this case, policy should focus on ways to make combat career
fields more appealing to minorities. On the other hand, minorities may not really prefer
support career fields but rather may reason that they lack the OML ranking to get a more
competitive career field (or they forecast a low probability of success in that career field).
In this case, minority cadets might desire a Combat Arms career field but may opt for their
most-preferred Combat Support or Combat Service Support career field thinking that they
would never get a top Combat Arms assignment.

The vulnerability of the ROTC mechanism to preference manipulation thus
has adversely affected the authors’ ability to prescribe an adequate policy rec-
ommendation in this important analysis. While Lim et al. (2009) focused on
the ROTC mechanism, their study is as relevant to the case of the USMA,
reinforcing the value of a strategy-proof mechanism.

5. GENERALIZATIONS
5.1. Extended Model With Multiple Nested Layers

So far, our focus has been cadet-branch matching. However, the COSM is a
perfect candidate for any real-life application where allocation is mainly based
on priorities, although these priorities can be improved for some of the slots by
paying a premium. In this section, we refer to cadets as agents and to branches
as objects, and allow a potentially different set of terms along with a potentially
different priority order for each object.

For each object b € B, there are g, copies of the object and the priority
order m,: 1 — {1, ..., n} represents claims of agents over object type b. As in
the case of the cadet-branch matching problem, each agent consumes only one
object, and, for any two agents i, j with 7, (i) < m,(j), agent i has higher claims
on a copy of object b than agent j, other things being equal. While having
high priority for an object type makes it easier to secure a copy, it is not the
only way to receive one. An object b can be obtained under k(b) different
terms. Let T, = {£], ..., t;”’} denote the set of terms or costs for object b. For
each object b, we assume that ¢, is the default “cheapest” term, and terms get
more “expensive” in increasing index. As a result, each agent’s assignment is an
object-cost pair (b, t), where b € B and ¢ € T,,. For each object b, copies of the
object are divided in k(b) segments with g} copies in segmentr =1, ...,, k(b)
such that ¥ ¢r = g,. For each object b,

1. the priority ranking mr, determines the claims on the first g; copies that
will be awarded at the cheapest cost #,

2. while the priority ranking , is still used as a tie-breaker, those who are
willing to pay at least #, receive higher priority for the next g7 copies, although
the cost of these units never exceeds t,,
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r. while the priority ranking 7, is still used as a tie-breaker, those who are
willing to pay at least #. receive higher priority for the next g copies, although
the cost of these units never exceeds ¢,,

k(b). while the priority ranking 7, is still used as a tie-breaker, those who

are willing to pay # receive higher priority for the last g}” copies.
Each agent i has strict preferences P; over all object-cost pairs, and we assume
that there are enough copies of the objects; hence ), _, g, > n.” A contract is
an agent-object-cost triple (i, b, t) such that t € 7,. Let X denote the set of all
contracts.

The only delicate part of this straightforward extension is an adequate spec-
ification of the chosen set of object b from a set of contracts X’ C X. Given the
above nested multilayer priority structure, we construct the chosen set C,(X")
and the rejected set R, (X') = X'\ Cp(X") as follows:

Phase 0: Remove all contracts that involve another object b’ and add them all
to the rejected set R,(X'). Hence each contract that survives Phase 0 involves
object b.

Phase 1: For the first g, potential elements of C,(X"), simply pick the con-
tracts with highest-priority agents under 7, one at a time. When multiple con-
tracts of the same agent are available in X', choose the contract with the cheap-
est cost and reject the others, adding them to R,(X’). Continue until either all
contracts in X’ are considered or g; elements of C,,(X') are determined. If the
former happens, terminate the procedure, and if the latter happens, proceed
with Phase 2.

In general, for £ =2, ..., k(b),

Phase £: There are two subphases in each Phase ¢ > 1. In the first subphase,
only contracts with costs #, or more are considered, and the choice made is
entirely based on the priority order 7r, among such contracts. There is a second
subphase only if extra copies are left, and in this second subphase, the choice
is lexicographically made first by the cost (with higher-cost contracts favored)
and then by the priority order ,. We next give a more detailed description of
these subphases.

Phase ¢.1: Only consider contracts with costs #, or more. Among them, pick
the contracts with higher-priority agents under m;, for the next g; elements
of C,(X’). When multiple contracts are available for the same agent, choose
the one with lowest cost (which has to be more than #.~' being considered
in this phase) and reject the others. Continue until either all contracts with
costs ¢, ..., 1" are considered in X’ or 3_'_, ¢, elements of C,(X’) are de-
termined. If the former happens, proceed with Phase £.2, and if the latter hap-
pens, proceed with Phase £ + 1.

B For most purposes, we can make this assumption without loss of generality since one of these
objects might be a uniformly worst (null) object with capacity larger than n.
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Phase ¢.2: By construction, all remaining contracts have cost /~! or less. In
this subphase contracts with higher costs are picked before contracts with lower
costs, and only then is the priority order 7, followed. When multiple contracts
are available for the same agent, the highest-cost contract is chosen and the
others are rejected. Continue until either all contracts in X' are considered or
>, q, elements of C,(X’) are determined. If the former happens, terminate
the procedure, and if the latter happens, proceed with Phase ¢ 4+ 1 (unless
£ = k(b), in which case terminate the procedure).

LEMMA 1*: Nested multilayer priorities satisfy the law of aggregate demand for
each object b.

LEMMA 2*: Elements of X are unilateral substitutes for each branch b under
nested multilayer priorities.

Given Lemmata 1* and 2*, our extended model preserves all key aspects
of the cadet-branch matching problem. In particular, the cumulative offer al-
gorithm gives a stable allocation that is weakly preferred to any other stable
allocation by any agent, and the resulting agent-optimal stable mechanism is
strategy-proof, fair, and respects improvements.*

A relatively straightforward application of this extended model is assignment
of parking space. Consider a college campus where there are several parking
lots. Each parking lot is a different object type and agents have preferences
over these lots. The use of priority ranking is widespread in the assignment of
parking space, as is price discrimination via permits of different cost. Hence an
agent-optimal stable mechanism is a natural candidate for this problem. Our
next application is somewhat more involved.

Application to Centralized School Admissions With Differential Tuition Cost

To motivate this application, we need to describe some features of college
admissions in Turkey. Admission to colleges is centralized and includes private
universities in the system. The priority of each student for each department
(including private university departments) is determined by a central planner
via a national centralized exam, together with some other factors such as high
school grades. All students submit their preferences over individual depart-
ments to the central planner, and as shown by Balinski and Sonmez (1999),
the central planner assigns students to departments via the Gale and Shapley
(1962) college-optimal stable mechanism.

Private universities have been recruiting a large fraction of the best students
in Turkey since the first private university, Bilkent University, was launched

%The last property needs to be modified since there are potentially multiple priority orders.
Balinski and S6nmez (1999) considered this more general version.
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in 1986. This is because they have been offering full fellowships to the best
students. Private universities treat the slots reserved for fellowship students at
a department as a separate unit for the purposes of centralized admissions.
Hence, there are different codes for fellowship slots and non-fellowship slots
at any department. Indeed, there are four different codes for each department
of Sabanci University: one code each for full fellowship slots, half fellowship
slots, quarter fellowship slots, and regular slots. Technically speaking, this as-
pect of Turkish college admissions makes it an application of matching with
contracts rather than a standard Gale-Shapley two-sided matching. For exam-
ple, a student may rank Economics at Sabanci University with full fellowship
as his first choice, Economics at Bosphorus University (a leading public univer-
sity) as his second choice, Economics at Sabanci University with half fellowship
as his third choice, etc. This application of matching with contracts, however,
can be treated as a standard Gale-Shapley two-sided matching model, since
fellowship slots are treated as if they were a different department.

In contrast to the flexibility that attracts students of all backgrounds to pri-
vate universities, students at public universities uniformly pay a minimal tuition
fee for their undergraduate education. Essentially, all students are admitted to
public universities with tuition-waiver. This makes public universities highly de-
pendent on public funding, which makes it difficult for them to compete with
the top private universities. One recently debated policy suggestion has been
to reserve some of the seats at public universities for students who are willing
to pay a much higher tuition fee (one that is closer to the actual cost of the
education).”” If adopted, this policy change will also break the asymmetry be-
tween private universities and public universities in terms of the student pools
they can target.

How could one adjust the centralized student assignment mechanism as a
result of such a policy change? When a private university cannot fill some of
its regular slots, it does not make sense to treat them as if they were fellow-
ship slots, as this may not be in the best interests of a private university. But
if a public university cannot fill some of the slots reserved for high-tuition stu-
dents, these slots can and probably should be used for regular tuition-waiver
students. Hence, if public Turkish universities reserve some of the seats for
high-tuition students, the student-optimal stable mechanism with the above-
described chosen sets would be a very plausible alternative. Analogously to
the implementation in the cadet-branch matching problem, a fraction of the
slots will be reserved for students who are willing to pay an increased cost and
any extra unassigned high-tuition slots will be “converted” to regular slots to
avoid wasting public resources. Multiple tuition levels can be considered with-

Z"While college admissions are decentralized in the United States, reserving some of the seats
for high-tuition students is in the same spirit, with state universities admitting out-of-state stu-
dents at a much higher tuition level.
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out compromising the existence of a plausible mechanism by using the chosen
sets introduced for our extended model.

5.2. Matching With Slot-Specific Priorities

Together, two related features of cadet-branch matching distinguish it from
earlier applications of matching theory:

1. priorities for individual slots of a given object (branch, school, etc.) can
be heterogeneous, and more importantly,

2. the resulting object priorities may fail the substitutes condition.

The first feature alone is not novel and it has been extensively utilized in the
context of school choice with affirmative action. Examples of such applications
include controlled choice models of Abdulkadiroglu and Sénmez (2003) with
majority quotas and Hafalir, Yenmez, and Yildirim (2011) with minority re-
serves,” as well as the school choice model of Westkamp (2011) with complex
constraints. However, in contrast to cadet-branch matching, object priorities
satisfy the substitutes condition in all of these earlier applications. Not only is
the substitutes condition satisfied, but also it is the primary machinery for their
analysis. Our application is novel in that it allows for the existence of a stable
and strategy-proof mechanism despite the failure of the substitutes condition.
A substantive application with this feature is a first in the literature. While
cadet-branch matching fails the substitutes condition, it satisfies the weaker
unilateral substitutes condition under which the agent-optimal stable mecha-
nism exists, and it is strategy-proof provided that an additional condition, the
law of aggregate demand, is also satisfied (Hatfield and Kojima (2010)). The
unilateral substitutes condition replaces the substitutes condition as the pri-
mary machinery of our analysis.

After the first version of the current paper was circulated, Kominers and
Sénmez (2012) introduced a more general matching model with slot-specific
priorities. Their model not only embeds cadet-branch matching and controlled
choice with majority quotas or with minority reserves, but also school choice
problems where priorities are heterogeneous across seats of a given school.*

BBird, Fleiner, Irving, and Manlove (2010) reported that college admissions in Hungary have
a similar feature, where part of the slots at each department are state-financed while the rest are
privately financed.

PHafalir, Yenmez, and Yildirim (2011) considered a school choice model where minority stu-
dents are favored at a fraction of slots at each school. Rather than fully blocking the access of ma-
jority students, they advocated favorable treatment of minority students for these slots through
increased priority. Their treatment of minority students is similar to the treatment of cadets in
our model who sign branch-of-choice contracts. Loosely speaking, both models advocate the use
of “soft caps,” although they differ in two critical ways. In contrast to our model, (1) the set of
favored agents is exogenous, and (2) the resulting object priorities satisfy the standard substitutes
condition in Hafalir, Yenmez, and Yildirim (2011).

38chool districts that rely on such priority structures include Boston, Chicago, New York City,
and Providence.
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Their model has one very important distinction from all its predecessors, in-
cluding cadet-branch matching. It fails even the weaker unilateral substitutes
condition, and perhaps more significantly, it may not have an agent-optimal
stable outcome. That is, the primary machinery that drives our analysis of
cadet-branch matching is not available for Kominers and S6nmez (2012). Nev-
ertheless, a stable and strategy-proof cumulative offer mechanism still exists
in their model. This shows that the existence of a plausible mechanism in
matching with contracts types of models does not rely on the existence of
an agent-optimal stable allocation. In addition to its theoretical contribution,
the work of Kominers and Sénmez (2012) has several new policy implications.
They presented in detail how the current implementation of the agent-optimal
stable mechanism distorts the priority structure in Boston Public Schools and
Chicago’s Selective Enrollment High Schools. An adequate implementation of
the cumulative offer mechanism removes the bias introduced by the current ad
hoc implementation of the agent-optimal stable mechanism, and as such it is a
more appealing mechanism for such applications where priorities are hetero-
geneous across the seats of a given institution (or object type in general).

While building on our analysis of cadet-branch matching, the work of
Kominers and Sonmez (2012) has an important methodological distinction.
Since it fails the unilateral substitutes condition, its analysis cannot solely rely
on the tools provided by Hatfield and Kojima (2010). The slot-specific priority
feature of their model allows them to analyze a specific subset of stable allo-
cations, and they leverage the mathematical structure of this special subset to
derive various properties of the cumulative offer mechanism.

6. CONCLUSION

Market design is an exciting field that seeks to provide practical advice for
various resource allocation problems. Auctions have been employed to allocate
radio spectrum, electricity, and timber, involving hundreds of billions of dollars
worldwide (Milgrom (2004)). More recent applications of market design in-
clude school choice, kidney exchange (Roth, Sénmez, and Unver (2004, 2005a,
2005b, 2007), Unver (2010)), course allocation (Sénmez and Unver (2010),
Budish and Cantillon (2012)), and internet ad auctions (Edelman, Ostrovsky,
and Schwarz (2007), Varian (2007)). In this paper, we presented a new market
design application of cadet-branch matching that emerged as part of the Of-
ficer Career Satisfaction Program that was designed by a group of economists
and officers at West Point’s Office of Economic and Manpower Analysis to
boost career satisfaction and retention. The COSM proposed in this paper will
not only eliminate many of the issues currently present in the USMA mecha-
nism and thereby increase cadet satisfaction, but also provide the Army with
potentially valuable estimates of the full potential of the branch-of-choice in-
centive program. With these estimates in hand, the Army will have the ability
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to accurately calibrate parameters of the mechanism so as to achieve desired
objectives in terms of gained man-years.

Our paper also highlights the power of the matching with contracts approach
in the context of priority-based indivisible goods allocation. Tools provided by
Hatfield and Milgrom (2005) and Hatfield and Kojima (2008, 2010) are useful
in the formulation of complicated priority structures (such as the one used
by the USMA in cadet-branch matching) that cannot be formulated via the
student assignment models of Balinski and S6nmez (1999) and Abdulkadiroglu
and Soénmez (2003).

APPENDIX: PROOFS

PROOF OF LEMMA 1: By construction of the USMA chosen set, all contracts
of a given cadet can be rejected from a branch only when it reaches full capac-
ity. Hence the size of the USMA chosen set can never shrink as the set of
available contracts grows. Q.E.D.

PROOF OF LEMMA 2: Let x = (i, b, t) € X' be the only contract in X' that
involves cadet i and suppose x ¢ C,(X’). Let X” D X’. We have two cases to
consider:

Case I: t =t,. Since (i, b, ty) ¢ C,(X"), we have
i€ l:{(, b, 1), (j, b, t)} N X' # P and 7(j) < w(D) }]
>(1—-MA)gy, and
Hiel:{(,b,t), (b, t)} N X # 0 and 7(j) < m(i)}
U {jel:(j’b, t+) GX/}| qu

Therefore X” D X' implies

i€ l:{(, b, 1), (j,b, 1)} N X" # Pand 7(j) < m(D)}]
>(1-A)gy, and

i€ l:{(, b, 1), (b, t)} N X" # P and 7(j) < m(D)}
Ufjel:(j,b,t) e X"} =g

as well. Hence x ¢ C,(X7").

Case 2: t =t,. Let I}(X’) be the set of cadets each of whom has a contract
included in C,(X") in Phase 1 of the construction of the chosen set C,(X"), and
similarly let I7(X") be the set of cadets each of whom has a contract included
in C,(X’) in Phase 2 of the construction of the chosen set C,(X"). Since x ¢
Cy(X"),we have i ¢ I}(X') UI}(X'). Moreover, by construction,
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1 LX) = (1- N,

2. [I}(X")| = Ags, and

3. Vji e INX"),Vj, € IXNX"), 7(ji) < 7(j2) < 7(i).
We are ready to show that x ¢ C,(X"). First observe that neither cadet i, nor
any cadet in /;(X"), can have a contract included in C,(X”) in Phase 1 of the
construction of the chosen set C,(X"”). That is because they all have lower -
priority than any cadet in I} (X"), each of whom has a contract in X” > X'. But
that implies cadet i cannot have any contract included in C,(X") in Phase 2 of
the construction of the chosen set C,(X”) either, since each cadet in I7(X") not
only has higher m,-priority than cadet i but also has a contract with increased
cost ¢, in X” D X'. Hence x ¢ C,(X") for this case as well, completing the
proof. Q.E.D.

PROOF OF PROPOSITION 1: The chosen set for any branch b satisfies the

unilateral substitutes condition by Lemma 2. Hence Proposition 1 is a corollary
of Theorem 5 in Hatfield and Kojima (2010).*! Q.E.D.

PROOF OF PROPOSITION 2: Let X’ be the outcome of the COSM. Fix a cadet
i and let x = (i, b, t) € X'. Suppose that cadet i prefers contract x' = (i, b', t')
to x. Observe that contract x’ must have been offered to, but rejected by, the
cumulative offer algorithm. Therefore, if ¢ = ¢, , then any cadet who is assigned
a slot at branch b’ has strictly higher 7r-priority than cadet i by construction of
Cy. If, on the other hand, ¢’ = #,, then any cadet j with (j, b', f)) € X’ has higher
ar-priority than cadet i. In either case, any cadet envied by cadet i has higher
ar-priority than cadet i, completing the proof. Q.E.D.

PROOF OF PROPOSITION 3: For any branch b, the chosen set C, satisfies the
unilateral substitutes condition by Lemma 2 and the law of aggregate demand
by Lemma 1. Hence Proposition 3 is a corollary of Theorem 7 in Hatfield and
Kojima (2010). Q.E.D.

PROOF OF PROPOSITION 4: Fix a cadet i and let 7r; be an unambiguous im-
provement for cadet i over .

Scenario I: First consider the outcome of COSM under priority order .
Recall that by Remark 1, the order of cadets making offers has no impact on
the outcome of the cumulative offer algorithm. Therefore, we can obtain the
outcome of <p§ls as follows: First, entirely ignore cadet i and run the cumula-
tive offers algorithm until it stops. Let X' be the resulting set of contracts. At
this point, cadet i makes an offer for his first-choice contract x'. His offer may

31As in the case of Hatfield and Milgrom (2005), the IRC condition is implicitly assumed
throughout Hatfield and Kojima (2010). In particular, their Theorem 5 and Theorem 7 (later
used in the Proof of Proposition 3) rely on the IRC condition (Aygiin and S6nmez (2012b)). It is
easy to see that IRC is satisfied in the present application.
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cause a chain of rejections, which may eventually cause contract x' to be re-
jected as well. If that happens, cadet i makes an offer for his second choice x2,
which may cause another chain of rejections, and so on. Let this process ter-
minate after cadet i makes an offer for his kth choice contract x*. There may
still be a chain of rejections after this offer, but it does not reach cadet i again.
Hence cadet i receives his kth choice under ¢3°.

Scenario 2: Next consider the outcome of ¢, which can be obtained in a
similar way: Initially entirely ignore cadet i and run the cumulative offers al-
gorithm until it stops. Since the only difference between the two scenarios is
cadet i’s standing in the priority list, X’ will again be the resulting set of con-
tracts. Next, cadet i makes an offer for his first-choice contract x!. Since  is
an unambiguous improvement for cadet i over m,, precisely the same sequence
of rejections will take place until he makes an offer for his kth choice contract
x*. Therefore, cadet i cannot receive a better contract than his kth choice un-
der gofzs (although he can receive a worse contract if the rejection chain returns
back to him). Q.E.D.

PROOF OF PROPOSITION 5: Fix a cadet-branch matching problem. Let s =
(>, B:)ic be a Nash equilibrium strategy profile under the USMA mechanism
and let ¢V?(s) be the resulting equilibrium outcome. Construct the resulting
proxy preferences P* = (P;(>}, B;));; as defined above.

First consider any cadet i who is assigned the pair (b, t,) under ¢“*(s)
and suppose that cadet i would have been assigned the pair (b, fy) had he
not signed a branch-of-choice contract for branch b. That is, cadet i would
have been assigned the pair (b, #,) under ¢“*(s_;, s7), where s; = (>}, B;) and
s: = (>}, B; \ {b}). Therefore, since s is a Nash equilibrium strategy, we must
have (b, t,)P;(b, t) for any such cadet, for otherwise cadet i would have a
profitable deviation.

We prove the theorem by showing that each step of the USMA algorithm
under the equilibrium profile s can be interpreted as a sequence of offers made
to the cumulative offer algorithm under the proxy-preference profile P*. Recall
that the order of offers is irrelevant under the cumulative offer algorithm by
Remark 1.

Consider Step 1 of the USMA algorithm, except let cadets make their pro-
posals to their top choices one at a time rather than simultaneously. Interpret
each of these offers to be made at the base cost of ;. As offers arrive, each
branch b decides whether to hold the offer or reject it, following the USMA
branch priorities: When an offer comes to branch b from cadet i, there are
three possibilities:

1. There are fewer than (1 — A)g, higher-priority cadets under priority list
7r that are currently on hold by branch b. In that case, branch b holds the offer
from cadet i.

2. There are at least (1 — A)g, higher-priority cadets under priority list 7
that are currently on hold by branch b. However, for the remaining slots, there
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are fewer than Ag, higher-priority cadets under the adjusted priority ranking
oy that are currently on hold by branch b. In this case, we will treat the follow-
ing two cases separately:

(a) b ¢ B; (i.e., cadet i has not signed a branch-of-choice contract under s;):
In this case, branch b holds the offer from cadet i right away.

(b) b e B; (i.e., cadet i has signed a branch-of-choice contract under s;): In
this case, branch b first rejects the offer of cadet i although cadet i makes
a second subsequent offer to branch b right away with the increased cost 7.,
which is put on hold by branch b.

3. If neither of the first two cases applies, branch b rejects the offer from
cadet i for good.

Observe that the exact same rejection decisions would have been given under
the cumulative offer algorithm for proxy-preference profile P* for this first se-
quence of offers. Repeat the above procedure with subsequent steps of the
USMA algorithm until the algorithm terminates, essentially reinterpreting the
USMA algorithm as a cumulative offer algorithm for a specific order of of-
fers. QO.E.D.

PROOF OF LEMMA 1*: By construction of the chosen set, all contracts of a
given agent can be rejected by an object only when it reaches full capacity.
Hence the size of the chosen set can never shrink as the set of available con-
tracts grows. QE.D.

PROOF OF LEMMA 2*: Let x = (i, b, t}) € X', withu € {1, ..., k(b)}, be the
only contract in X’ that involves agent i and suppose x ¢ C,(X'). Let X" D X'.
We must show that x ¢ C,(X").

Forany Y Cc X andr e {1, ..., k(b)}, let I;(Y) be the set of agents each of
whom has a contract picked for C,(Y) at Phase r of the construction of the
chosen set C,(Y). Since x ¢ C,(X'), we have

i¢l;(X') foranyre{l,...,k(b)}.
We prove the lemma by showing that
i¢I(X") foranyref{l,...,k(b)}.

The argument for r € {u + 1, ..., k(b)} is different than the argument for r €
{1, ..., u}. We first show that

i¢I(X") foranyre{l,...,u}.

First observe that contract x is “qualified” to be considered in Phase 1 as
well as the first part of Phases 2 through u, but not in the first part of Phases
(u+1) through k(b). That is because ¢ < t; foranyr € {u+1, ..., k(b)}. Since
contract x is not picked in C,(X"’) at any of Phases 2 through u, no contract
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could have been picked for C,(X’) in the second part of Phases 2 through u.
That is, each contract that is picked for C,(X’) at Phase r must be picked at
Phase (r.1) for any r € {2, ..., u}. Therefore, for any s < r < u,

Vi, I(X'), Vi, e [[(X') my(j) < mp(ji) < my(i).

That is,

e the m,-priority of any agent in 7} (X") is higher than the m,-priority of any
agent in [}(X'),

e the m,-priority of any agent in /;(X") is higher than the m,-priority of any
agent in I} (X'),

e the m,-priority of any agent in 1;”'(X") is higher than the m,-priority of
any agent in /;/(X"), and

e the m,-priority of any agent in I;/(X’) is higher than the m-priority of
agent i.
Since X” D X', that means neither agent i nor any agent in I (X’), with r > 1,
can be in I}(X") even if they have new contracts included in X”. Similarly,
neither agent i nor any agent in I;(X’), with r > 2, can be in I3(X") even if
they have new contracts included in X", and so on. Therefore,

i¢l;(X") foranyre{l,...,u}.

Next, we show that
i¢ I (X"),

and an analogous argument can be used to show that
i¢I}(X") foranyre{u+1,...,k(b)}.

Since x ¢ C,(X’), each agent in [ g‘“(X ") must have a contract in X’ with a
term no less than #. But that means each of these agents has a contract in X’
that is qualified for the first part of Phases 2 through u. Since these contracts
are not picked before Phase (u + 1), each agent in /| ;j” (X") must have lower
m,-priority than each agent in | J!_, I;(X"). Therefore, no agent in I (X") can
be in I;(X") for any r < u even if they have new contracts included in X” D X".
But that means each of these agents is still in competition with agent i in Phase
(u+1) of the construction of the chosen set C,,(X"). Since each of these agents
has a contract with a term no less than ' (with those who have a contract
with term # having higher m,-priority than agent i), we have i ¢ I} (X").
Proceeding in a similar way, we obtain i ¢ I;,(X"”) foranyr e {u+1, ..., k(b)},
completing the proof. Q.E.D.
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