Online Appendix for “School Admissions Reform in
Chicago and England: Comparing Mechanisms by their
Vulnerability to Manipulation”

By PARAG A. PATHAK AND TAYFUN SONMEZ*

This online appendiz includes proofs of all mathematical results
in the main text and a documentation appendix for Table 1.

THEOREM 1: Suppose each student has a complete rank ordering and k > 1.
The old Chicago Public Schools mechanism (CHI®) is at least as manipulable as
any weakly stable mechanism.

PROOF:
Fix a problem P and let ¢ be an arbitrary mechanism that is weakly stable.
Suppose that CHI® is not manipulable for problem P.

Claim 1: Any student assigned under CHI*(P) receives her top choice.

Proof. If not, since each student has a complete rank order list, |I| > Q, k > 1,
there must be a student that is assigned to a school s he has not ranked first.
Consider the highest composite score student ¢ who is unassigned. Student ¢ can
rank school s first and will be assigned a seat there in the first round of CHI*
mechanism instead of some student who has not ranked school s first. That
contradicts CHI® is not manipulable for problem P.

Claim 2. The set of students who are assigned a seat under CHI*(P) is equal
to the set of top () composite score students.

Proof. If not, there is a school seat assigned to a student j who does not have
a top @ score. Let student ¢ be the highest scoring top ) student who is not
assigned. Since student ¢ has a complete rank order list, she can manipulate
Cur® by ranking student j’s assignment as her top choice again contradicting
CHI* is not manipulable for problem P.

Since each of the top @ students is matched to her top choice in matching
CHI®(P), all other students are unassigned.

Claim 3. In problem P, matching Cui*(P) is the unique weakly stable match-
ing.

Proof. By Claims 1 and 2 it is possible to assign each one of the top @ students
a seat at their top choice school under P and CHi*(P) picks that matching. Let
i # Cur*(P). That means under u there exists a top @ student i who is not
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assigned to her top choice s. Pick the highest composite score such student i.
Since all higher score students are assigned to their top choices, either there is
a vacant seat at her top choice s or it admitted a student with lower composite
score. In either case the pair (i, s) strongly blocks matching p. Hence Cur*(P) is
the unique weakly stable matching under P.

We are now ready to complete the proof. By Claim 3, p(P) = Cui*(P) and
hence mechanism ¢ assigns all top @) students a seat at their top choices. None of
the top @ students has an incentive to manipulate ¢ since each receives her top
choice. Moreover no other student can manipulate ¢ because regardless of their
stated preferences, ¢(P) = CHI®(P) remains the unique weakly stable matching
and hence ¢ picks the same matching for the manipulated economy. Hence, any
other weakly stable mechanism is also not manipulable under P.

PROPOSITION 1: Suppose there are at least k schools and let k > 1. The old
Chicago mechanism (CHIk) is more manipulable than truncated serial-dictatorship
(Sp*) CPS adopted in 2009.

PROOF:

CHI® is a special case of the FPF¥ mechanism where all schools are first pref-
erence first schools with an identical priority ranking. Similarly Spb* is a special
case of GS* where all schools have an identical priority ranking. Therefore CHr”
being as manipulable as SDF directly follows from Proposition ??. We complete
the proof by giving an example where CHI* is manipulable even though SD* is
not.

There are three students and three schools each with one seat. The student
preferences and the uniform school priorities are:

R;, : 51,89,83,11 Ty & 11,1%2,13
Rig : 3178278317‘.2 Tsqy - Z.177:27Z.3
R, : 59,83,81,13 Tsy 1 101,1%2,13

The outcomes of CHI? and SD? are:

CHI2(R):<i1 2 i3> and SDQ(R):(il 2 i3>.

S1 12 S2 S1 82 83

Since no student remains unmatched under Sp?, strategy-proofness of Sp implies
that no student can manipulate Sp? under profile R. In contrast

CHIZ(R_Z'27R£2)=<1 2 3)

s1 S2 53

where R;é is any preference relation student is ranks school sy as his first choice,
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and therefore
2 / 2
CHIiQ (R*’L’Qa Rzg) PiQ CHIig (R)

implies that CHI? is vulnerable under profile R. Hence CHI? is more manipulable
than Sp?. It is straightforward to extend this example to show that CHI® is more
manipulable than Sp¥ for k > 2.

PROPOSITION 2: Let £ > k > 0 and suppose there are at least £ schools. Then
GS* is more manipulable than GS°.

PROOF: R
Suppose there is a student ¢ and preference P; such that

(1) GS{(P;, P;) Pi GSj(P).

For any student j, let Pf be the truncation of P; after the ¢t choice. This

means that in Pf any choice after the top ¢ in P; are unacceptable, and choices
among the top ¢ are ordered according to P;. Observe that relation (1) implies
that

(2) GSi(Pf,PY,) P GS;(PY).

Since GS is strategy-proof, relation (2) implies that student ¢ does not receive one
of her top ¢ choices from the G'S mechanism under profile P’. Hence, G'S;(P’) =
GS{(P) = .

For k < £, there are two cases to consider.

Case 1: GS¥(P) = .
Let GSf(]sz-, P_;) = s and let P; be such that s is the only acceptable school.
Claim: GSF(P;, P_;) = s.
Proof: First note that GS!(P;, P_;) = s. Moreover, by definition
GSY(P,P_;) =GS(P,P',) and GS*P;,P_;)=GS(P,PF).

Gale and Sotomayor (1985) (see also Theorem 5.34 of Roth and Sotomayor
1990) implies that . .
GSi(P;, P*;) Ry GSi(P;, PL,).
Substituting the definitions,
GS{(P,,P-;) Ri GS{(P,,P;).
———

=S

Since c is the only acceptable school in P;, the claim follows. o
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Thus, in the first case, student i can manipulate G'S*:

GSF(P, P_;) P GSE(P).
——_— — N—_——

=S =3

Case 2: GSF(P) # i.

Claim 1: 35 € I such that GS;?(P) = j although GSf(P) # 3.

Proof: Suppose not. Then, since GS!(P) = i and GS¥(P) # i, there is a
school that is assigned strictly more students under GS*(P) than GS*(P). This

is a contradiction to Gale and Sotomayor (1985), which requires that each school
is weakly worse off under GS* (since profile P* is a truncation of profile PY). o

Pick any j € I such that GS]’-“(P) = j although GSJe(P) # j. Let GSf(P) =5
and let ]53 be such that s is the only acceptable school.

Claim 2: GSJI?(PJ-,P,J-) =s.
Proof: Since GSf(P) = s, we have GSf(]Sj,P_j) = ¢ as well. Moreover, by
definition

GS'(P;, P_j) = GS(P;,P';) and  GSH(P;,P_j) = GS(F;, P)).
Gale and Sotomayor (1985) implies that
GS;(P;, P*;) R; GS;(P;,Pt)).
Substituting the definitions,
GSK(P;, P_;) R; GS5(P;,P-j).
N—————
=s
Since s is the only acceptable school in ]5]-,
GSJ’?(PJ',P_]') =S,
which establishes the claim. o
Thus, for the second case, student j can manipulate GS*:
GS§(P;,P_;) P; GSF(P).
=S =j

Finally, we describe a problem where G:S¢ is not manipulable by any student,
but GS* is manipulable by some student for ¢ > k > 0. Suppose there are
two students, 71 and i, and two schools, s; and s9, each with one seat. The
students have identical preferences which rank s; ahead of s and both schools
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have identical priority rankings where student ¢; has higher priority than student
i5. Under G:S?, no student can manipulate because each one is assigned a school
and GS is strategy-proof. In contrast, student i, is unassigned under GS*, and
he can benefit from ranking so as his top choice. This example can be generalized
to the case of GS* and GS* for any ¢ > k > 0. Since all schools have the same
priority ranking in this example, it also proves that Sp* is more manipulable than
Spf for any ¢ > k > 0. This completes the proof.!

PROPOSITION 3:  Suppose there are at least k schools where k > 1. Then FPF*
is more manipulable than GS*.

PROOF:
For any student j, let P}’C be the truncation of P; after the k' choice. By
definition,

Fpr¥(P) = Fpr(PF) and GS*(P) = GS(P").

Suppose that no student can manipulate FPF¥. We will show that no student can
manipulate G'S* either. Consider two cases:

Case 1: Fpr¥(P) = Fpr(P*) is stable under profile P.

Since Fpr(P*) is stable under P, it is stable under P* as well. Moreover,
GS(P*) is stable for P* by definition. Since the set of unmatched students across
stable matchings is the same (McVitie and Wilson 1970), for all students 4,

(3) GS;(P*Y=i & Fpry(PF)=i.

Pick some student i. If GS¥(P¥) # i, then student i receives one of her top k
choices. This implies that ¢ receives one of her top k choices under GS. Since G\S
is strategy-proof, student i cannot manipulate G.S¥.

Suppose GSf(Pk ) = i and student 7 can manipulate. We derive a contradiction.
Since ¢ can manipulate, there exists some school s and preference P; such that

GSkp, Pr) P .
N—_————
=s

Observe that s is not one of the top k choices of student i under P; for otherwise
student ¢ could manipulate G.S. Construct P; which lists s as the only acceptable
school.

11t is also possible to provide an alternative, indirect proof of this result using the equilibrium inter-
pretation of the definition of weakly more manipulable than together with the characterization of the set
of Nash equilibria in the preference revelation game induced by G:S* in Theorem 6.5 of Haeringer and
Klijn (2009).
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Matching G'S*(P;, P¥,) remains stable under (P;, P¥;) and therefore

GSF(P;, PF)) = s.
Since GS(P¥) is stable under P* and GSF(P*) = i by assumption, relation (3)
implies
FpF;(P*) =i.

By Roth (1984), matching Fpr(P¥) is not stable under (P;, P¥;) since student
remains single under Fpr(P*) although not under stable matching G'S*(P;, P*,).
Since matching FPF(P¥) is not stable under (P;, P¥,), but it is stable for P*, the
only possible blocking pair of FPF(P¥) in (P;, P¥,) is (i, s). But since Fpr;(P*) =
i, this implies that (i,s) also blocks FPr(P*) under P*, which is the desired
contradiction. Thus, in case 1, no student can manipulate G.S*.

Case 2: FPr(P") is not stable for profile P.

In this case, a student i along with a first preference first school s block
FPr(P*): That is, there exists j € FPFs(P¥) such that not only i has higher
base priority than j at school s, but also s P; Fpr;(PF).

Construct P; so that school s is the only acceptable school for student i. Since
j € Fpry(P*) and student i has higher base priority than student j at school s,
we must have i € FPF(P;, P¥,). But this means that

Fpr; (B, P*,) P, Frry(PY),
h/_/

=s

contradicting the assumption that no student can manipulate FPF at P*.

Finally we give an example where FPF? is manipulable but GS? is not. It is
straightforward to extend the example for any & > 2. There are three students
and three first preference first schools each with one seat. Since all schools are
first preference first, FPF mechanism reduces to the special case of the Boston
mechanism in this example. The student preferences and the (uniform) school
priorities are:

R;, : 51,89,83,11 sy & 11,12,13
Rig : 51782753ai2 Tsy - i17i27i3
R;, - s2,83,51,13 Tsy 1 11,1%2,13

The outcomes of FPF? and GS? are:

FpFQ(R)=<“ ‘2 i3> and G52(R)=<i1 2 i3>.

S1 12 82 s1 S2 53

Since no student remains unmatched under G'S?, strategy-proofness of G\S implies
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that no student can manipulate G'S? under profile R. In contrast

FPF2<R_Z~2,R;2>=(“ 2 “’)

S1 S2 83

where RQQ is any preference relation student is ranks school sy as his first choice,
and therefore
2 2
Frr; (R_i,, R},) P, FPF;, (R)

implies that FPF? is vulnerable under profile R. Hence FPF? is more manipulable
than GS2.

LEMMA 1: Fiz a set of agents I' C JUC. Let ¢, be two stable mechanisms
such that, for any preference profile P, and any agent i € I,

©i(P) R; ¥i(P).

Then mechanism ¥ is as strongly manipulable as mechanism o for members of
I.

PROOF:

Let I’ € JUC and mechanisms ¢, v be as in the statement of the Lemma. Let
preference profile P, agent i € I, and preference relation P; be such that

(4) 0i(P,, P_;) P @i(P).

We want to show that there exists a preference relation P; such that
bi(Py, P—;) Pi hi(P).

By assumption

(5) @i(P) Ri ¥i(P).

Let the preference relation ]5Z be such that only agents in goi(f?i,P_i) are ac-
ceptable to agent ¢ under P;. Since matching cp(pi, P_;) is stable under profile
(P;, P_;), it is also stable under profile (P;, P_;). Moreover by Roth (1984), agent
1 is matched with the same number of agents on the other side of the market at
any stable matching under any given preference profile, and in particular under

profile (P;, P_;). Therefore, since only agents in ¢;(P;, P_;) are acceptable to
agent ¢ under P;, stability of matching ¢(P;, P_;) under (P;, P_;) implies

(6) Vi(Bi, P-i) = ¢i(Bi, Py).
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Hence, by (4), (5), and (6), we have

bi(Pi, Pi) P i(P) R; i(P),

5/—/

=pi(Pi,P-i)

which shows that agent ¢ can manipulate mechanism ¢ by reporting P;. This
completes the proof.

PROPOSITION 4: GSY is strongly more manipulable than GSC for colleges.

PROOF:

Given any problem, the college-optimal stable matching is weakly preferred to
student-optimal stable matching by any college (Gale and Shapley 1962). There-
fore, Lemma ?? implies GSY is as strongly manipulable as G/S¢ for colleges.

Next, we give a problem where G:SC is not manipulable by any college, while
some college can manipulate GSY . Suppose there are two students, j; and j2, and
two colleges, ¢; and co, each with one seat. The student and college preferences
are

}%j : Cl,Cz,jl }%01: {j2}’{j1}>®
Rj, tea,c1,da Rey {1} {d2}, 0.

The outcomes of GSC and GSY are:

GSC(R)_(jl fj) and GSJ(R)_<j1 jz).

2 1 €2

Since each college obtains its top choice under GS¢, no college can manipulate.
However, if college ¢; declares that only js is acceptable, it can manipulate GSY .
This completes the proof.

THEOREM 2: Let ¢ be an arbitrary stable mechanism. Then
a) ¢ is as strongly manipulable as GSC for colleges,
b) GSY is as strongly manipulable as o for colleges, and
¢) GSC is as strongly manipulable as ¢ for students.

PROOF:
Let ¢ be any stable mechanism and P be any preference profile. Then

a) GSS(P) R. ¢(P) for any c € C,
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b) o.(P) R. GSJ (P) for any ¢ € C, and
c) ¢;(P) R; GSJC(P) for any j € J
by Gale and Shapley (1962). Therefore Lemma ?? implies the desired result.

PROPOSITION 5:  The discriminatory auction is intensely and strongly more
manipulable than the uniform-price auction.

PROOF:

Let ¢ denote the discriminatory auction and T denote the uniform-price auction.
Fix € > 0 and a bidder . Let t_; be the type profile of all other bidders. The
type of each bidder is the vector of his valuations. Given t_;, order the k(|| —1)
valuations of all bidders in I\ {i} from highest to lowest. Let b; be the highest
valuation, by be the next highest valuation, and so on. That is, by > by > --- >
Or(11-1) > 0.

Let t; = (v},...,vF) be the type of bidder i. We will consider two cases. For
the first case bidder ¢ will not be able to manipulate the uniform-price auction.
For the second case he potentially can but whenever that happens he will have
an at least as profitable deviation under the discriminatory auction.

Case 1: Ul-l < bg. For this case bidder ¢’s highest valuation is less than by.
Therefore if he reports his true values under the uniform-price auction, he will
not receive any object and will not make any payment. Hence uZ(T(t)) =0. In
order to have a profitable manipulation, bidder 7 will need to receive an object.
However, since vil < by, that will require bidder ¢ to pay a unit price that is higher
than his highest valuation. Hence u; (Y (t},t_;)) — u;(Y(t)) < 0 for any t; € T;,
showing there exists no profitable manipulation of the uniform-price auction for
Case 1.

Case 2: v} > bg. Let bidder i receive m units under the uniform price auction

when he reports his true type t; = (v},...,vF). That means v/ > b1 and

the market clearing-price for profile ¢ is

. max{vimﬂ,bk_mﬂ} ifm<k
P bt it m =k

which in turn implies
(7) ui(Y(t)) = (v} + -+ +0™) —mp* > 0.

1. ..., o%) be such that bidder i receives n
units under Y (¢;,¢_;). Then the market-clearing price for profile (t;,¢_;) is

Let the potential manipulation #; = (¢}

L max{@?“, bk—ni1} ifn<k
L ifn=k
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and hence

ui (T (ti, 1)) = (vf +--- 4+ vl) — np.
Observe that,

(8) P> bp—ni1-
Suppose
wi(Y(tit=:)) —ui(T@) = (vf + -+ 0 —np) — (v + -+ + 0" —mp*) > 0

and thus bidder ¢ can manipulate the uniform-price auction at profile t. We will
construct t; € T; such that

U (5(@,t_2)) — Uy ((5(t)) > UZ(T(fz,t_Z)) — Uy (T(t)) — €.

First observe that wu; ((5(75)) = 0, since bidder ¢ pays her reported valuation for
each unit she wins under the discriminatory auction. Let ; = (@} ... o) be such

that '
i 0.5bp_ns1  ifl>n

Given t_;, bidder ¢ wins n units and pays by 11+ 5, for each unit upon reporting
t;. Therefore inequalities 7 and 8 imply

ui (0(ti,t—)) —wi(0(t)) =

€

) =0

o = b + 5
€
+'”+U?_nbk—n+1)_§
+

ce ol —np) — (v U —mp*) — €
= UZ(T(fz,tfl)) — ul(T(t)) — €

showing that bidder ¢ has an at least as profitable manipulation, subject to an
upper bound of € deviation, under the discriminatory auction for Case 2.

This covers all cases, so to complete the proof, we describe an example where
some bidders can manipulate §, but not T. Suppose that all bidders other than
bidder 1 have the same value v for all of the units. Bidder 1’s value for the first unit
is strictly greater than v, while her value for each of the remaining units is strictly
less than v. Under the uniform price auction, when bidders are truthful, every
bidder wins one unit. Bidder 1 cannot manipulate to win more units because she
would have to pay v for the additional units. She does not want to manipulate to
win fewer units because she obtains strictly positive utility by reporting the truth
and she cannot manipulate to change the price she pays. No other bidder would
find it strictly profitable to manipulate because each would still have to pay at
least v for that unit, and none can change the price paid. Hence, no bidder can
manipulate the uniform-price auction. Under the discriminatory price auction,
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when each bidder reports truthfully, every bidder wins one unit. However, bidder
1 would prefer to under-report her valuation for the first unit to pay less for it.
Hence, for this example, bidder 1 can manipulate §, but not Y.

PROPOSITION 6: The Generalized First Price Auction is intensely and strongly
more manipulable than the Generalized Second Price Auction.

PROOF:

Given a type profile ¢, let Gsp(t) denote the outcome of GSP auction and
GFP(t) denote the outcome of GFP auction. Fix € > 0 and a bidder i. Let ¢t_;
be the type profile of all other bidders. Recall that the type of each bidder is his
valuation per click. Given t_;, order the |I| — 1 valuations of all bidders in I'\ {i}
from highest to lowest. Let b; be the highest valuation, by be the next highest
valuation, and so on. That is, by > by > -+ > b1 > 0.

Let t; = v; be the type of bidder i. We will consider two cases with four sub-
cases for the second case. For all cases except Case 2d, bidder i will not be able to
manipulate the GSP auction. For Case 2d, he potentially can but whenever that
happens he will have an at least as profitable deviation under the GFP auction.

Case 1: v; < by.

In this case u;(GsP(t)) = 0 either because bidder i does not receive a slot, or
because she receives a slot at 0 utility.? Let ¢, = v/ be a potential manipulation.
For this manipulation to be profitable, bidder ¢ shall receive a slot. Let this slot
be slot £. Then

b1 > v; > by > b > v

and therefore,
u; (GSP(t;,t—;)) = apv; — by = avg(v; — by) < 0.

Hence bidder i does not have a profitable manipulation of GSP for Case 1.

Case 2: v; > by.
Let bidder ¢ receive slot m under GSP when he reveals his type truthfully. Then
bp—1 = v; > by, and

(9) ui(GSP(t)) = Vi — Qmbm > 0.

Let ¢; = v} be a potential manipulation and suppose bidder i receives slot £ under
t; = v,. This implies v; > b;. We have four sub-cases to consider.

Case 2a: v, > bp,—1.
For this case, < m — 1 and hence by > b,,,_1 > v;. Therefore

ui(GSP(t;, t,i)) = ayv; — ayby = ay(v; — by) <0

2The latter can happen only if v; = by,.
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and thus, bidder ¢ does not have a profitable manipulation of GSP for Case 2a.

Case 2b: v} = by—1.

For this case there is a tie and bidder 7 either receives slot m — 1 at a cost of
Qp—1bm—1 or slot m at a cost of au,by,,. If the former happens,

Ui (GSP(t;, t_i)) = Qp_1V; — Qp_1bm_1 = Oém—l(vi — bm—l) <0.
If the latter happens,
ui(GSP(t;,t_i)) = Vi — Qb = ui(GSP(t)).

In either case, bidder ¢ does not have a profitable manipulation of GSP.

Case 2c: Either by,_1 > v, > by, or v) = by, and bidder i receives slot m with
tie-breaker.

In this case bidder 7 receives slot m at a cost of au,b,,. Therefore,
ui(GSP(tg,t,i)) = Vi — Qmbm = ui(GSP(t)),

and hence bidder ¢ does not have a profitable manipulation of GSP.

Case 2d: v} < by, and bidder i receives a slot ¢ with ¢ > m.

In this case

(10) Vi > b > by
and
(11) u; (GSP(t],t—;)) = awv; — agby = ay(v; — by) > 0.

Suppose u; (GsP(t;,t_;)) > u;(GsP(t)) so that bidder i can manipulate GSP at
profile t. We will construct ¢; € T} such that,

U (GFP(?Z, t_i)) — UZ(GFP(t)) > U (GSP(t;, t_i)) — U; (GSP(t)) — €.
First observe that,
(12) u; (GFP(t)) = 0.

Lett; = 0; = bg—l—ﬁ. Given t_;, bidder ¢ either wins slot £ at a cost of ay (bﬁ'Tz@)
or a better slot n (with a,, > ay) at a cost of ay, (bg + ﬁ) If the former happens,

ui(GFP(fi,t_i)) = Qyv; — Ozg(bg + %%) = ay(v; — by) —

DO
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and if the latter happens,

i (GFP(E, 1)) = anvs — an(br+ o) = v = be) = 15 > anfvi = be) — 5

where the last inequality holds by inequality 10 and «,, > «y. Therefore,

(13) wi(GFP (5, t ) > ag(v; — by) — %

We are ready to finalize Case 2d. Relations 9, 11, 12, and 13 imply
ui(GFP(fi,tfi)) — Uj (GFP(t)) > ui(GSP(t;,tfi)) — U (GSP(t)) —€

>y (vi—bg)—

£ =0 =a(v;—by) =QmV;—mbm >0
showing that bidder ¢ has an at least profitable manipulation, subject to an upper
bound of € deviation, under GFP auction for Case 2d.

This covers all cases, so to complete the proof, we describe an example where
some bidder can manipulate GFP, but no bidder can manipulate the GSP. Sup-
pose that v1 > vo = ... = vg = vg41 > vs42 > ... > vy. Under the GSP, when
all bidders are truthful, the highest value bidder’s payoff is a;(v; — va) > 0. She
cannot change her payoff unless she reports a bid of vs or lower. If she reports her
value to be va, she obtains a zero payoff. If she reports her value to be less than
vg, she does not win a slot and obtains a zero payoff. Hence, she cannot manip-
ulate. Any bidder with value equal to vo who obtains a slot cannot manipulate.
Reporting a value greater than v, will give the first slot, but this is not profitable.
Reporting a value between v; and vy does not change her payoff. Reporting a
value below vy prevents her from obtain a slot. Finally, no bidder with value less
than ve can manipulate because the only way to change the outcome is to report
a value greater than or equal to vs, which is unprofitable. Hence, with this value
distribution, no bidders can manipulate the GSP. In the GFP, if every bidder
reports the truth, the outcome is the same as the GSP, but each bidder obtains
a zero payoff. If bidder 1 reports a value less than v, but greater than vy, she
wins the first slot, but pays a lower price than had she reported the truth. Hence,
bidder 1 can manipulate the GFP, but not GSP.
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Table 1. School Admissions Reforms: Documentation Web Appendix

Allocation System

Year

From

To

Manipulable
(More or Less?)

Source

References

Boston Public Schools (K, 6, 9)

Chicago Selective High Schools

Ghana - Secondary Schools

Denver Public Schools

Seattle Public Schools

England

Bath and North East Somerset

Bedford and Bedfordshire

Blackburn with Darwen

Blackpool

2005

2009

2010

2007

2008

2012

1999

2009

2007*

2007*

2007*

2007*

Boston

Boston’

Gs*

Boston’

Boston

GS

FPF

FPF

GS

GS®

GS’

GS

Boston
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